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We use the Wigner function method to calculate the chiral effects in curved space-
time. The calculation is accomplished in a perturbative way with the assumption
that the gravitational field is covariant constant field and the system is nearly
local equilibrium. We obtain the chiral anormaly results that the vector and
axial vector currents are in direct proportion to the fluid vorticity.
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Wigner function method is a bridge between microscopic and macroscopic
regimes. The conception of this method is simple. Firstly, write down a function
which is linked to observable macroscopic quantities, then find the equation that
the function is satisfied in quantum way. Wigner function is in the form of Fourier
representation. And the equation which Wigner function is satisfied can be de-

composed into two equations, Liouville equation and mass-shell condition|1|, by
separating the real and imaginary parts of it.
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For massless particles, chirality is the same as helicity: the sign of the projection

of the spin vector onto the momentum vector.
Chiral chemical potential:
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The chiral chemical potential s # O.
Chiral effects for massless fermions

e Chiral magnetic effect(CME)
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Where the current J is defined by J* = e(y~#1)).

e Chiral separation effect(CSE)
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Where the axial current Js is defined by J£ = e(yy y51).
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Wigner operator:

1 _ d4y —ip-yY 7, 1/2y-<5 —1/2y-0
Waﬁ(map) — (27_‘_)46 ¢5($)€ € 77b04(x)

(4)

%
Where the derivative 0 ,(0,) acting to the left(right).
Wigner function:
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Wix,p) = W(x,p):).

RHS means that Wigner operator respect to vacuum state.

For gauge field or curved spacetime, just replace the partial derivatives in Wigner
operator by the covariant derivatives.

Curved spacetime case:
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where I'), = —% Zbaab with oy = %[%, v and wzb the vierbein connection.

Vierbein: e% = ef’b@“.

Then the currents can be written as
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In the covariant constant external gravitational field case, the Wigner function
satisfies the equation
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with R, = Rz,bjaab = 1|V, V, ] the curvature.
\ /

Winger function decomposed in terms of 16 independent generators of the Clifford algebra
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Substitute the decomposed Wigner function (11) into kinetic equation (10), we obtain the restriction relations
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We assume that space-time derivative 0, and the connection w are small variables of the same order and can be

as parameters in the power expansion of V,, and .A,u,
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We assume the zeroth order take the equilibrium form|2]
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From now on, we focus on the rotating frame, and the curvature R is identically zero. Using the equations (12-14),
we can obtain V? and A% to the first order
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Then we have the vector and axial-vector currents
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where s% is the fluid vorticity
1
s = —eadeubacud, 0% = eadeubunwLmn]nmd. (22)
2
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Our calculation shows that the vector and axial vector currents are in direct
proportion to the fluid vorticity and the angular velocity of the rotating sys-
tem. Actually, using the method of integration by parts one can find that the
coefficients ¢ and ¢ are same, so do the & and (5. It indicates the profound
relationship between the vorticity and the rotation of the system.
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