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Introduction

Formalism

The BCS mean field theory can be understood as a self-consistent 
Hartree-Fock (SCHF) approximation:
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Self-consistent Hartree-Fock

Vertex correction

𝜎𝜎SHG for 𝑠𝑠-wave single-band superconductor

𝜎𝜎SHG for 𝑑𝑑-wave single-band superconductor

We develop a theory of the nonlinear optical responses in superconducting systems in the presence of a 
dc supercurrent. The optical transitions between particle-hole pair bands across the superconducting 
gap are allowed in clean superconductors as the inversion-symmetry-breaking by supercurrent. Vertex 
correction is included in optical conductivity to maintain the 𝑈𝑈(1) gauge symmetry in the mean-field 
formalism. We show two pronounced current dependent peaks in the second-order nonlinear optical 
conductivity 𝜎𝜎(2)(𝜔𝜔) at 2ℏ𝜔𝜔 = 2Δ and ℏ𝜔𝜔 = 2Δ. Our theory predicts the current induced peak in 
Im[𝜎𝜎(2)(𝜔𝜔)] is with the same order of magnitude as the recent experimental observation of second-
harmonic generation in NbN[2]. The supercurrent induced nonlinear optical spectroscopy provides a 
valuable toolbox to explore novel superconductors.

[3]

The gauge invariance should be maintained when calculating optical 
responses. [4-6]
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Gauge-invariant nonlinear response
Second-order optical conductivity:
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Feynman diagrams[7]:

Two processes:
second-harmonic generation (SHG): 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎

2 (2𝜔𝜔,𝜔𝜔,𝜔𝜔)
photocurrent effect (PC): 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎

2 (0,𝜔𝜔,−𝜔𝜔) For more results (e.g. PC), see [1].
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