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Phase Transitions of the Classical Hard-Ellipse System
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By Monte Carlo calculations in the canonical ensemble, we have studied some properties of a two-
dimensional system of 170 long hard ellipses (whose axis ratio equals 6). This system can be considered
as a two-dimensional model for a nematic liquid crystal. We have shown that this system ex-
hibits two first-order phase transitions: a solid-nematic type phase transition at high density and a dis-
orientation phase transition at a density 1.5 times smaller. This result suggests that excluded volume
effects might play an essential role in the disorientation phase transition of nematic liquid crystals.

I. INTRODUCTION

The study of thermodynamical properties of simple
classical liquids, such as argon, by the methods of
statistical mechanics meets with considerable difficulty.
Models which are completely soluble analytically, such
as the cell-model, give a very inadequate description
of the equation of state of liquids.

Some progress in the understanding of the thermo-
dynamical properties of simple liquids has been achieved
recently by use of more realistic models. The solution
of these models is obtained by numerical methods
(Monte Carlo or molecular dynamics methods) and
necessitates the use of fast computers. The model of
atoms interacting through a two-body 12-6 Lennard-
Jones potential, studied by Wood and Parker,! Rah-
man,? and Verlet,? among others describes adequately
both the equation of state and the phase transitions
of argon. As to the hard-sphere system, studied by
Alder and Wainwright,* it can be used as a reference
system in a perturbation study of the equation of
state of liquid argon. Moreover the solidification of
the hard-sphere fluid, discovered by these authors, is
closely related to the solidification of argon. When
the interaction is not spherically symmetric the study
of condensed phases is still more difficult. There
soluble models present the risk of being very un-
realistic and numerical methods seem to be promising.

It is known that some long molecules can exist
under three states of different symmetry®: between
the solid and liquid phases lies an intermediate phase,
the so-called nematic phase, in which the molecules
have their centers of gravity at random but show
some long-range orientational order.

A first-order phase transition separates the nematic
from the liquid state. It is tempting to associate this
transition with geometrical factors, as is suggested by
Onsager’s theory.® Onsager’s approximation consists of
considering the system of long molecules as a mixture,
each species of which is made up of the molecules
with a definite orientation. Onsager calculates the free
energy of the system by using the first two terms of
the virial expansion for the mixture, and obtains the
distribution function for the orientations of the axes
of the molecules by minimizing the free energy. He

thus shows the existence, at sufficiently high density,
of an anisotropic phase.

Isihara,” applying Onsager’s theory, has predicted
the density of the disorientation transition for systems
of rigid molecules of ellipsoidal and cylindrical shape.

Zwanzig® has studied a system of infinitely long
and thin molecules of parallelelepipedic shape, with
only three allowed orientations. Let us call I the
length of the parallelepiped and d the side of the
square basis. In the limit as -+ and d—0 with
2d remaining constant (in this limit the volume of
each molecule tends to zero), Zwanzig has been able
to calculate up to the seventh virial coefficient of the
expansion of the free energy in powers of density.
The system is considered as a mixture of three species,
each species consisting of the molecules of a given
orientation. By an extension of Onsager’s theory,
Zwanzig shows that, at every order of the virial ex-
pansion, the system exhibits a van der Waals-like loop
associated with the disorientation transition of the
parallelepipeds.

Zwanzig’s model is somewhat artificial since the
volume of each parallelepiped is zero whilst its length
is infinite. Moreover, the transition density depends
strongly upon the order at which the virial series is
truncated. In particular, the van der Waals-like loop
nearly vanishes when only six virial coefficients are
used.

We have therefore considered a model of a nematic
liquid crystal® which is, we hope, somewhat more
realistic, namely a system of elastically colliding hard
ellipses. We have shown by Monte Carlo! calculations
in the canonical ensemble that, for sufficiently long
ellipses, this system exhibits the following two phase
transitions: at high density an order—disorder transi-
tion relative to the centers of gravity, analogous to
the solid-liquid transition of the hard-disk system,®
and, at a lower density, an order—disorder transition
relative to the orientations of the ellipses. At high
density, the major axes of the ellipses have on the
average the same orientation; at a lower density, the
ellipses can rotate and the orientational order is de-
stroyed. It should be noted that this orientational
order, like the translational order, probably vanishes
at very long distance, as in other continuous two-
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dimensional systems, in the limit as the number of
ellipses becomes infinite: in the systems we have con-
sidered, of several hundred ellipses, the order which

we observe may be considered as some medium-range -

order like in the case of solid-liquid transition. The
absence of the long-range order does not preclude the
existence of a first-order transition.

In the case of ellipses of small eccentricity, as the
density is decreased from the close-packed value, the

system undergoes the disorientation transition before.

melting. The intermediate phase which we observe is
then analogous to the plastic crystal phase!!?: the
ellipses are completely disoriented whilst their centers
form a lattice. Note however that, in the plastic
crystal phase, the rotational degrees of freedom of
the molecules take only discrete values.

In the course of our Monte Carlo computation,!
we have to select allowed new configurations of the
system of ellipses. To do this, we must have a simple
and rapid way of determining whether two ellipses
of known centers and direction of axes overlap or not.
The solution of this problem is given in Sec. IT, where
we introduce a ‘“‘contact function” of two ellipses,
which is zero when and only when the two ellipses
come into contact.

The solution of the corresponding problem in the
case of ellipsoids is given in Appendix B. In the case
of ellipses, the ‘“contact function” satisfies an in-
equality, given in Sec. II.B, which enables us to
compute the pressure. We have not been able to
find a corresponding way to compute the pressure
in the case of hard ellipsoids. The study of hard
ellipsoids would probably show the existence of dif-
ferent phases in the case of prolate and oblate ellip-
soids, the hard-sphere case being in between.

Section IIT is devoted to the behavior of the hard-
ellipse system at very high density. In Sec. IIL.A we
show that this system has a continuous infinity of
close-packed configurations which cannot be deduced
from one another by displacement. In Sec. III.B we
use the free-volume theory to study the asymptotic
behavior of the pressure of the system when the
area A of the box containing the ellipses approaches
its minimum value A4, In the free-volume approxi-
mation the asymptotic behavior of the pressure is
independent of the ratio of the ellipse axes, of the
specific close-packed configuration considered (and of
the number of ellipses).

In Sec. III.C we study directly the asymptotic
behavior of the pressure of a system of NV hard ellipses
enclosed in a box whose shape is ¢ompatible with one
of the close-packed configurations, with periodic bound-
ary conditions. We show that, for some close-packed
configurations, there are some preferred directions:
along these directions, the maximum amplitude by
which the ellipses can move (the center of one ellipse
being fixed) is an infinitely small quantity of order
less than or equal to the order of [(4/4.)—17"2,
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whereas, along all other directions, this amplitude is
of the order of [(4/4¢)—1]. In the case of hard
disks,® all amplitudes are of order [(4/4,)—1]. At
very high density, these displacements of unusually
large amplitude probably lower the pressure by a
quantity which decreases for large values of N as
1/NY2 for a given ratio of axes and shape of the box.

Section IV is devoted to the description of some
technical details of the Monte Carlo computation.!
In Sec. IV.A we describe the method used to com-
pute the pressure, with the help of the contact func-
tion introduced in Sec. II. In Sec. IV.B we describe
the way in which successive configurations of the
system are generated. We indicate in Sec. IV.C the
major difficulties which remain in the computation
of the pressure in the case of a hard-ellipsoid system.

In Sec. V we describe the solid-nematic and nematic—
liquid phase transitions which have been observed for
a system of 170 hard ellipses whose axis ratio a/b
equals 6 (the box containing these ellipses is nearly
square). We give in Sec. V.A the results concerning
the melting transition: it takes place at an area A./A4q
which decreases when a/b increases, for a nearly fixed
number of ellipses NV and a nearly unchanged shape
of the box. For ¢/b=6 and N=170, 4,.,/4, is smaller
than 1.15, whereas for a system of 870 hard disks®
Am/Ay=1.266.

The nematic-liquid transition, which is also of first
order, is described in Sec. V.B. For ¢/b=6 and N =170,
it starts at area Ag4/A,=1.77540.025. The van der
Waals-like loop associated with this transition is very
difficult to locate since the liquid and nematic branches
of the isotherm lie very close to each other, and the
desorientation entropy AS/Nk (k is the Boltzmann’s
constant) is very small. In the case of hard disks,}
the melting entropy is 0.36. Here the disorientation
entropy is between 3 and 7 times smaller, due to the
fact that the disorientation affects only one degree
of freedom per ellipse, instead of two in the case of
melting.

In the last section (V.C) we briefly describe the
states of the systems of ellipses of weak and very
strong eccentricities. We have observed in particular,
in the case of a system of 168 hard ellipses with
a/b=1.01, the onset, at area A/4,=1.15, of a phase
analogous to the plastic crystal phase!** in which the
ellipses are oriented at random but with their centers
forming a lattice.

II. THE CONTACT FUNCTION OF ELLIPSES
A. Contact Condition for Two Identical Ellipses

In order to select the allowed configurations in the
Monte Carlo calculation,! one needs to know when
two identical ellipses E, and E, overlap. Let a and
be the length of the major and minor half-axes re-
spectively, u; and u, the unitary vectors of the major
axes, r=[[0,0]] the vector joining the centers 0y and 0,
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of the ellipses. To study the overlap condition of the
ellipses we introduce a function ¥(r, uy, Us; @, &) which
we call the contact function: ¥=0 when the ellipses
are tangent and ¥ is nonzero otherwise. This contact
function enables us to determine the pressure and to
study the behavior of the system at very high den-
sity.

Let 1y and u;’ be the unitary vectors respectively
orthogonal to u; and u,, 8 the angle between u; and
u,: 6= (u;, up). We have proved in Ref. 14 the fol-
lowing statement:

Statement 1. The necessary and sufficient condition
for two ellipses E; and E, to be tangent (interiorly
or exteriorly) is ¥(r, u;, uz; @, 5)=0, where ¥ is de-
fined as follows

V=4(f2=3)(f2—3)—(9—-fife)}, (la)
where (a=1 or 2)
fa=14+G—[(r-u.)?/a*]—[(r-u/)}/8], (1b)
with
G=2+[(a/b)— (b/a)F sin%. (1c)

We have also proved in Ref. 14 the following
statement:

Statement 2. The necessary and sufficient condition
for two ellipses E; and E, to have no real point in
common is that ¥ be positive and one at least of the
two functions f; and f; be negative.

The outline of the proof of these two statements
is given in Appendix A. Statement 2 enables us to
select, in the Monte Carlo calculation, the allowed
configurations of the hard-ellipse system. We now
state an inequality verified by the contact function ¥
which will prove useful in the computation of the
pressure described in Sec. IV.A.

B. Comparison of the Contact Function of the Ellipses
with the Contact Function of Their Great Circles

In the case of two circles of radius ¢, which centers
distant by 7, the contact function ¥ is a function of
the ratio r/a only. Using relations (1), one sees that
¥ takes the simple form

Wa(r/a)=3(r/a)[(12/a?)—4]. (2)

When the distance 7 between the centers 0; and 0,
of ellipses E; and E; is greater than 2a, the ellipses
do not overlap. Therefore, when the contact function
of their great circles ¥,(r/a) is positive, the contact
function of the ellipses is also positive, according to
Statement 2.

An easy but somewhat long reasoning leads* to the
following inequality, which proves very useful in the
calculation of the pressure

¥(r, uy, Up; 0, 5)2V,(r/a) for r>2a>2b, (3)

the equality occurring if and only if the major axes
of the ellipses are parallel to the center line 0,0,.
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III. PROPERTIES OF THE SYSTEM AT VERY
HIGH DENSITY

A. The Close-Packed Configurations

Consider a system of N hard ellipses with half-axes
a and b. These ellipses are enclosed in a parallelogram-
shaped box; we use periodic boundary conditions. In
a configuration of maximum density all major axes
are likely to be parallel. Let Ox be their common
direction and Oy be the orthogonal axis. Consider the
following affinity of the close-packed configuration

(4a)
(4b)

2=x/a

y'=y/b.

It yields a system of N hard disks, of radius unity,
enclosed in a box in a close-packed configuration and
satisfying the periodic boundary conditions.

Conversely, let us start from this hard-disk con-
figuration (Fig. 1) and apply the affinity inverse
of (4); we get a close-packed configuration for the
hard-ellipse system. By rotating the coordinate axis
Ox before applying the affinity to the hard-disk con-
figuration, one can generate a continuous infinity of
close-packed configurations (Fig. 2) which cannot be
deduced from one another by displacement. All these
configurations have the same maximum density po
defined by

poab=1/2V3, (5)

Thus, any close-packed configuration of the hard-
ellipse system is characterized by the angle ¢o=
(0x, [[00,/®])) defined modulo II in Fig. 1. In the
Monte Carlo calculation, we shall always enclose the
N ellipses in a box of rectangular shape, as close as
possible to a square, compatible, at maximum density,
with the lattice of Fig. 2 with either ¢o=0 or ¢o=7/2
according to the value of a¢/b. Such a lattice of el-
lipses, with their major axes parallel to O, is thus
characterized by one of the following sets of pa-
rameters

¢0=0; ¢=7r/2’ 001(0)=2(17

0,90, = 2v36, (6a)

do=m/2; ¢=m/2, 00,9=2b, 0,O0,®=23a. (6b)

In the case where ¢=0, the lattice has N, equi-
distant lines parallel to 00,2 (or Ox), each line con-
taining N, ellipses at contact; (N, is even because
of periodic boundary conditions). When ¢o=/2, the
lattice has N, equidistant rows parallel to 00, (or
0y), each row containing N, ellipses at contact; (in
this case the periodic boundary conditions restrict N,
to even values).

In both cases ¢=m/2 and the box containing the
N ellipses (N=N,N,) compatible with the close-
packed lattice is rectangular. At maximum density
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F16. 1. The hexagonal lattice for hard disks.

the sides of the box have the following length
if ¢o=0, L,®=2aN, and L,©=V3bN,,
if ¢o=m/2, L, 9=V3aN, and L,®=2bN,.

(7a)
(7b)

B. The Free-Volume Theory

We are now interested in determining the asymp-
totic behavior of the pressure P of the hard-ellipse
system as the area 4 of the box approaches its mini-
mum value 4o=N/p,. We shall show that, at very
high density, the pressure probably behaves as

PA/NRT = {v/[(4/40)—1]} (1+a), (8)

with e tending to zero as A—4,; » is a constant
depending upon a/b, N and the shape of the box
compatible with one of the close-packed lattice drawn
on Fig. 2 (T is the absolute temperature which plays
no role in the compressibility factor).

One can deduce from (8) the behavior of the par-
tition function Zy

logZy = Nw{log[ (4/A40)—1]}[1+€],

with e tending to zero when A approaches A.

Let us recall that, in the case of a system of N
hard disks enclosed in a box, with periodic boundary
conditions,® y=2—(2/N). Indeed, due to transla-
tional invariance, the total number of degrees of free-
dom of the hard-disk system is 2N—2; as A—4,,
the variations of these degrees of freedom are of the
same order as the variation of the size of the box
containing the disks, namely (4/40)—1. The con-
figurational partition function Zy is therefore an in-
finitely small quantity of order [(4/4,)—1]¥-2,
which by (9) means that Ny=2N—2.

We shall prove that in the free-volume approxima-
tion, where the six neighboring ellipses of a given
ellipse are fixed, »=3. In the case of hard disks, the

(9)
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free-volume theory yields »=2. The difference comes
from the rotation degree of freedom of each ellipse.

As N tends to infinity, always with periodic condi-
tions, the parameter v appearing in the asymptotic
expressions (8) and (9) certainly approaches 3, for
any value of the ratio ¢/b and for any shape of the
box compatible with one of the close-packed lattice
of Fig. 2. However, as N tends to infinity, the domain
of areas A/A, for which these asymptotic values are
reached within a given accuracy probably depends
upon ¢/b and upon the shape of the box. For in-
stance, for a practically invariant shape of the box,
the domain of areas A4/A4, where the asymptotic
value (8) is reached tends to zero as a/b—1 (for
fixed N) or as ¢/b—+o (N, tending to infinity).
Indeed, at fixed density, when a/b—1, the ellipses
can rotate and the pressure of the hard-ellipse system
decreases and approaches the hard-disk value; when
a/b—>+w (N,—~+=) the lines of the ellipses can
slide in a parallel direction to Ox and the pressure P
decreases.

In the next section, we shall study the way in
which the parameter » appearing in the asymptotic
expressions (8) and (9) depends upon N (for large N),
for a given value of a/b and a given shape of the box.

Let us now prove the relation (9) with »=3 in the
case of hard ellipses, by use of the free-volume theory.
In a close-packed configuration (Fig. 2), let us con-
sider an ellipse E, initially centered at the origin O,
and its six nearest neighbors E; centered at 0;®
(1<7<6). All the major axes are parallel to Ox.
At a lower density Ao/4, the jth lattice site is at
point 0; with

R;=00;= (4/40)1"R,,
where

R,® =00,0. (10)

Let us keep each ellipse E; fixed, its center at 0,
and its major axis parallel to Ox. The central ellipse
E is allowed to move in the cage of its nearest neigh-
bors. In the orthogonal frame of coordinates x0y,
let x and y be the coordinates of the center of el-

F16. 2. A close-packed configuration for the hard-ellipse system.
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lipse E and 8 be the angle of its major axis with
0x[18| <(x/2)]. In configuration space, the parti-
tion function associated with ellipse E is

Zy= [dxdyd6. (11a)

The free-volume theory consists of approximating
the (configurational) partition function Zy of the
system of ellipses, at density 4o/4, enclosed in a box
compatible with the close-packed lattice, by (Z1)¥

ZN_’E(ZI)N. (11b)

We show in Appendix F that, as 4—d,, the dis-
placements x, y, and 6 of ellipse E, which appear in
the integral (11a), are infinitely small quantities of
the same order as the variation of the box size, i.e.,
as (A4/4¢)—1. The partition function Z; of ellipse E
is therefore an infinitely small quantity of order
[(4/A44)—1]. Equation (11b) implies therefore equa-
tion (9) with »v=3. Thus the free-volume theory
predicts the value v=3 irrespective of the ratio a/b
and of the shape of the close-packed lattice.

C. Abnormally Large Displacements at
Very High Density

We want to investigate in which way the parame-
ter » appearing in the asymptotic expressions (8)
and (9), that we assume to be valid, depends upon
the number of ellipses N, for very large NV, for a given
value of a¢/b and a given shape of the box. We always
use periodic boundary conditions. To prevent any
translation of the system as a whole, we fix the center
of ellipse number N at the origin 0, which is one of
the sites of the close-packed lattice. This constraint
does not alter the value of the parameter » of (9)
and (8).

In the close-packed configuration the major axes
of all ellipses are parallel to Ox and their centers form
a lattice shown on Fig. 2. This lattice is supposed to
be unique and to be stable at very high density
(Appendix E) taking into account periodic boundary
conditions.

One is tempted to assume that, as A—4,, the
2N—2 coordinates of the displacements of the ¥N—1
moving centers with respect to their lattice sites
and the N angles of the major axes of the ellipses
with Ox are infinitely small quantities of the same
order as the variation of the size of the box, i.e., as
(4/40)—1, as in the hard-disk case.”® If this were
true the partition function Zy of the hard-ellipse
system would be an infinitely small quantity equiva-
lent to [(4/A40)—1]¥? and the parameter » appear-
ing in (9) and (8) would be equal to 3—(2/N).

We however prove in Appendix E, in the case of
the close-packed lattice defined by (6a) and (7a),
that there exist 2N.,—1 independent directions along
which the maximum displacements of the ellipses
with respect to their lattice sites are infinitely small
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quantities of order less than or equal to the order
of [(A4/A¢)—1]"2 whereas along all other directions
these displacements are of order [(A4/4,)—1]. At
very high density these abnormally large displace-
ments along preferred directions increase the partition
function Zy and therefore decrease the pressure. We
prove in Appendix E that » satisfies the following
inequalities:

3—(1/N)—(2N./N)<v<3—(2/N). (12)

These inequalities suggest that, whereas translation
invariance only lowers the value of v from the free-
volume value »=3 by an amount 2/N (as in the
hard-disk case®®), these 2N,—1 static collective modes
probably lower » by a quantity Ar which is of order
1/(N)V2 (as is N,/N) at large values of N for a given
value of @/b and a given shape of the box.

As N—»+ », the asymptotic expressions (8) and (9)
probably remain valid (in a domain of densities 4o/4
which does not vanish, for a given accuracy) and the
inequalities (12) imply that » becomes equal to 3.

To prove the existence of the 2N,—1 independent
preferred directions introduced above and defined by
equalities (E3) and (E4) of Appendix E, no special
assumption (of uniqueness and of stability) is neces-
sary: the maximum amplitude of displacements of the
ellipses as A approaches A4, can always be shown to
approach zero at least as slowly as [(4/40)—1]"2
In the absence of any assumption of uniqueness and
of stability of the lattice there might exist more than
2N.~1 independent preferred directions. In the same
way, the second inequality (12) can be proved without
these assumptions, for any shape of the box com-
patible with one of the close-packed lattices of Fig. 2
(taking into account periodic boundary conditions).

All the results of this section and of Appendix E
apply of course also in the case where the close-
packed lattice is defined by (6b) and (7b), if one
permutes the axes Ox and Oy, the numbers N, and N,
and a and b.

The existence of these abnormally large displace-
ments at very high density and of a continuous in-
finity of close-packed configurations for the hard-
ellipse system show that ellipses can be more easily
“packed” than disks, probably due to their lower
symmetry.

Iv. THE MONTE CARLO CALCULATION

To study the equilibrium properties of the hard-
ellipse system and in particular to determine the
equation of state, we use the Monte Carlo method!
in the canonical ensemble, with periodic boundary
conditions. The Statement 2 of Sec. IL.A enables
us to reject the forbidden configurations of the sys-
tem, using the contact function of two ellipses
¥(r, u;, uz; ¢, b) defined by relations (1). The use of
the contact function ¥ and of the inequality (3)
enables us also to compute the pressure.
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A. Calculation of the Pressure

Let r; be the position vector of the center of ellipse
number j; u;, the unitary vector of its major axis.
Let us set r;;=r;—r;, and let us denote by V¥ the
gradient of the contact function ¥(ry, u;,u;;a,d)
with respect to Iy;.

We have shown in Ref. 14, by a straightforward
application of the virial theorem,’ that the compressi-
bility factor PA/NkET is given by the following limit:

PA/NET= lim Z(¥,), (13a)
To0t

with
Z(Wo)=1+(1/2N%) (X' | 15+ Vi¥ |);  (13b)
<j

the average is taken over all allowed configurations;
the sum runs over all pairs of ellipses E; and E; (¢< j)
such that the contact function ¥(r,;, u, u;; a, ) be
less than the positive number W¥,; the images of E;
are taken into account.

In the case of hard disks of diameter o, (13) re-
duces to the well-known expression deduced from the
virial theorem

(PA/NET)a=1-+3ma?pg(c),

where p=N/A is the density and g(r) is the pair
correlation function.

A proof of (13) can be obtained as follows: assume
first that the potential through which molecules i
and 7 interact V;=V(r; u;, u;) is everywhere con-
tinuous, as well as its first derivatives. Call pp=
p(r1, T3, Uy, up) the two-body angle dependent distri-
bution function. The virial theorem! then yields an
expression for the compressibility factor PA/NkT. Let
now V(rp, u, u:) tend to infinity when ellipses F;
and E; or their images overlap, and to zero otherwise.
Assuming that the quantity ye=exp(8Vr)pe (8=
1/kT) remains everywhere continuous, unlike both
V12 and prs, and noting that rp- V¥ is positive when
the ellipses E; and E, are exteriorly tangent, one
can prove the relation (13).

Since the statistical errors of the Monte Carlo cal-
culation make it difficult to evaluate the limit (13a),
we have approximated PA/NET by the quantity
Z(¥,) for some finite but small value of ¥,.

Due to the inequality (3), the only pairs of ellipses
that contribute to Z(¥,) are the pairs of ellipses E;
and E; (taking into account also the images of E;)
such that the distance between their centers be less
than some length 7> 2a related to the maximum value
¥, of their contact function ¥;; through the following
equation:

(14)

Wo=Vy(ro/a); (15)

¥, is the contact function for disks, defined by (2).
Thus approximating the limit (13a) by Z(¥) is
analogous to approximating, in the case of hard disks
of diameter o=2g¢, the pair correlation function at
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contact g(¢) in equation (14) by an integral over
a finite shell of width 7—2a, i.e., by

2 70
Ry /2; g(r)rdr.

An estimate of the goodness of the approximation
made by using a value ¥, to compute the pressure
of the hard-ellipse system is therefore the relative
width (ro/2a)—1, where 7, is related to ¥, through
Eq. (15), which would be used in the corresponding
approximation in the case of hard disks.

We show in Appendix C that, at density 4¢/4,
the contact function ¥1(A4/4,) associated with two
adjacent ellipses of any close-packed lattice is

W =3.28(4/A40)*[(A4/40)—1]. (16)

In order to check the asymptotic expression (8) and
to try to determine the parameter », we have chosen
the value ¥,=10"2¥; at high density (4/4,<1.30).
However the statistical errors of the Monte Carlo
calculation prevented us from obtaining an accurate
enough determination of the limit (13a) and of the
parameter ».

At lower densities (4/40>1.40) we have chosen
in particular ¥=15.36, for which (ro/2¢)—1=107%
and a value ¥, 4 times bigger, leading to a statistical
error on Z(¥,) twice as small; indeed, one can see
that, for sufficiently small ¥, and a large enough
number of generated configurations, the average value
of the sum over pairs of ellipses appearing in the
definition of Z(¥,) (13b) is nearly proportional to ¥,
[the quantity Z(¥,) varies slightly with ¥,] and
that the statistical error on this average is therefore
proportional to (¥,)Y2.

B. Other Technical Aspects of the Calculation

At a given density 4o/4 we enclose NV ellipses in
a rectangular box compatible with one of the close-
packed lattices defined by (6a) and (6b). The di-
mensions of the box are given respectively by (7a)
or (7b). We use periodic boundary conditions. More-
over we choose a box as nearly square as possible in
order to hinder as little as possible an eventual dis-
orientation of the system.

At each step of the Monte Carlo calculation,! we
move all the ellipses, one after the other, at random.
At each even step we move at random the center
of each ellipse in a square of side 26y, without chang-
ing its orientation. At each odd step we let each
ellipse rotate at random around its center in an an-
gular sector 20y. We choose 6y and 6y in such a way
that, on the average, half of the new configurations
are accepted and half rejected (such a ratio ensures
the fastest convergence).

In the course of the calculation we determine the
pressure, in the way indicated above, and the follow-
ing two quantities:
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(a) the structure factor S(q) where q is one of
the basis vectors q; and q: of the reciprocal lattice
associated with the lattice of the box (we have taken
q: and q; symmetrical with respect to one side of
the box):

S(q)= (l/N)<Z_l exp[iq- (r;—r1)]).

For each configuration, the indices j and ! vary in-
dependently from 1 to N; r; is the position vector
of the center of ellipse number j; the average is taken
over all accepted configurations. In a perfect crystal
S(q)=N and, when solid long-range order is de-
stroyed, S(q) becomes of the order of 1.

(b) The directional-order parameter M, defined as

M= (1/N?){2_ cos(28;—26:)), (18)
7

(17)

where 6; is the angle between the major axis of ellipse
number j and a fixed direction Ox. M is a positive
quantity, rotationally invariant, and reaches its maxi-
mum value 1 when all the ellipses are perfectly ori-
ented; in a disoriented state, M is of order 1/N.

We recall that both directional and translational
orders probably do not exist strictly at long distance,
as in other continuous two-dimensional models.’® They
are order ranging over some hundred ellipses.

All the calculations were made on the UNIVAC 1108
computer at Orsay University.

C. Difficulties in the Case of Hard Ellipsoids

The study of the phase transitions of hard-ellipsoid
systems would be of great interest: it is more realistic
than a two-dimensional model and leads probably to
different phases depending upon the shape, prolate
or oblate, of the ellipsoids. Statement 3 of Appendix B
gives, in principle, a way of applying the Monte Carlo
method to a computation of equilibrium average values
of quantity depending only upon the position of the
ellipsoids, such as the angle dependent pair correla-
tion function g(r,u, u,), the structure factor, or a
directional-order parameter.

However the pressure can no longer be easily eval-
uated: it is shown in Appendix B (Statement 3) that
the relation analogous to (13), with the contact func-
tion ¥ of ellipses replaced by the contact function
®(r, uy, us; a, b) of ellipsoids, can no longer be helpful.
In particular, inequality (3) is of no use in three
dimensions, since ® is everywhere zero in the case
of spheres. The length 7, introduced by (15) is now
infinite. More precisely, in the sum (13b), the pair
of ellipsoids E; and E; can contribute to an infinite
number of terms, because of their images: this can
be seen, for instance, by choosing an allowed con-
figuration with the axes of E; and E; nearly parallel
(the contact function ®;; associated with these images
is then nearly zero, due to Statement 5 of Appendix B;
in the case of rigid boundary conditions, r, is approxi-
mately equal to the largest diameter of the box).
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One can notice, however, that the function r- V=
7(3®/dr), which appears in the sum (13b) instead
of r- V¥, is zero in all special cases described in State-
ment 5. It is likely that, as the upper (positive)
bound ¥, of ® approaches zero, the ellipsoids E;
and E; that contribute most in the sum (13b) are
those whose centers (taking into account the images)
are closer than some length 4 which approaches max
(2a, 2b). In order to determine the pressure, one
would probably have to study in detail this last
behavior.

V. THE TWO-PHASE TRANSITIONS

We have studied the properties of a system of 170
hard ellipses, of axis ratio a/b=6, enclosed in a box
of nearly square shape compatible with the close-
packed lattice defined through (6a) and (7a) with
N,=35 and N,=34. As we decrease the density from
its maximum value, we first observe the solid oriented
phase, then the nematic phase, in which the ellipse
axes are still oriented whilst the ellipse centers show
no medium-range (nor long-range) order, and last
the liquid phase, where there is neither translational
nor directional medium-range order. These three
phases are separated by two first-order phase transi-
tions.

A. Melting

For an approximately constant number of ellipses ¥
and a nearly fixed shape of the box, the density 4¢/An
at which the solid starts to melt increases when a/b
increases. Indeed, at a given density Ao/4, the greater
the axis ratio ¢/, the more the lattices obtained by
expanding the close-packed lattices (shown on Fig. 2)
differ from one another. (This difference can be esti-
mated by the structure factor). These lattices can be
deduced from one another more easily by making the
ellipses slide than by making them rotate as a whole,
due to periodic boundary conditions. At a given den-
sity Ao/A and for a number N and a shape of box
approximately fixed, the close-packed lattice is there-
fore more and more deformed as a/b increases.

As N tends to infinity the melting density Ao/A4m
probably becomes an increasing function of a/b, in-
dependent of the shape of the box. In particular, as
a/b—+ o, the solid and liquid phases vanish and
leave place to the nematic phase: An—A4o.

We have observed that at area A/A,=1.15 the
system gradually goes from the solid to the nematic
phase. After 70 000 steps of the Monte Carlo calcula-
tion, the pressure PAo/NkT, averaged over 10000
steps (i.e., 1.7X10° configurations) increased from 18.8
to 22 while the mean structure factor 3[.S(q:)+5(q2)],
defined by equality (17), dropped regularly from 70
to 10 (Fig. 3). (The positive quantity ¥, was chosen
as described in Sec. IV.A; we have checked that with
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F16. 3. Transition from the solid phase to the nematic phase
at area A/A4¢=1.15; n, is the total number of steps of the Monte
Carlo calculation.

values of ¥, twice smaller or 4 times bigger we still
observe this steep increase of the pressure).

At a smaller area 4/4,=1.125 it is very likely that
the solid phase is the stable phase: the structure
factors S{q;) and S(q.) averaged over 10000 steps
remain equal to 110-£10 after 40 000 steps. We have
followed the nematic branch of the isotherm from
area A/A4,=1.15 and we have gone on to follow the
solid branch (Fig. 4). The equation of state of the
system at high density is given in Table I; the un-
certainty on PAy/NkT has been estimated from the
standard deviation of the pressure averaged over
10000 steps.

We conclude that the area corresponding to the
beginning of the melting A,/A4, is certainly smaller
than 1.15 (and probably very close to this value)
whereas for a system of 870 hard disks® it is as large
as 1.266.

B. The Nematic-Liquid Transition

At area 4/Ay=1.40, we have obtained after 80 000
steps the value 0.740.1 for the directional-order pa-
rameter M, defined by (18), whereas S(q)=0.840.4.
The state of the system is therefore one in which the
ellipses are still very oriented whilst their centers are
completely at random.

The transition from the nematic to the liquid phase
is of first order since the ‘“unlocking” of the rotation
angles 8;, which is associated with this transition,
leads to a sudden increase of the volume of con-
figuration space available to the system, therefore of
the entropy. This geometrical effect is analogous to
the “unlocking” of the positions which leads to the
melting of the hard-disk system.

However, since the disorientation affects only one
degree of freedom per ellipse instead of two in the
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melting transition, the nematic and liquid branches
of the isotherm are very close to each other. In the
transition region the system goes very rapidly from
the nematic to the liquid state and inversely, during
the course of the calculation; it is very hard to es-
tablish a correlation between the variation of the
pressure and the variation of the directional-order
parameter M.

We have however been able to observe the van der
Waals-like loop associated with the disorientation
transition (Fig. 5). Using the value ¥,=61.44 in the
calculation of the pressure described in Sec. IV.A,
we have managed to obtain several points of this
loop. With a step ¥, 4 times smaller we have observed
very large fluctuations of the pressure in the transi-
tion region, so large that they prevented any deter-
mination of the isotherm in this region. In the domain
of areas 1.40<4/A4,<2.05 we have checked that both
values of the step ¥, lead to values of PA./NkT
which are equal within the statistical errors. The use
of the larger value ¥,=61.44 instead of ¥,=15.36
enabled us to reduce the statistical uncertainty by a
factor of 2 and to locate the van der Waals-like loop.
On the other hand, we have applied Student’s sta-
tistical test'® to averages of the pressure (using ¥o=
61.44) over 10000 steps (assuming the averages to
be statistically independent) and obtained the result
that the chance that the pressure decreases when the
area A/Ay increases from 1.775 to 1.7875 is less
than 159,

The disorientation transition (Fig. 3) starts at area
A4/ Ag=1.77520.025. The relative area change at the
transition A4/A is probably between 1%, and 29%.
The corresponding entropy change AS/Nk has a value
between 0.05 and 0.12, much smaller than the melting

PAy 1
NkT
30
20|
10 T . T —T
1.4 1.2 1.3 A/Ag

F16. 4. The solid and nematic branches of the isotherm (for
A/A¢<1.30); we have also shown the transition from the solid
to the nematic phase, observed at area A4/4,=1.15.
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TaBLE 1. Equation of state at high density.

Solid Nematic
Number of Number of

A/4, steps PAy/NET steps PAy/NET
1.10 20 000 27.6+0.3

1.125 40 000 22.0+0.1

1.15 10 000 18.8 30 000 21.940.2
1.175 10 000 16.7 20 000 19.140.2
1.20 30 000 15.240.3 20 000 15.84+0.2
1.225 20 000 14.04+0.4
1.25 20 000 12.740.4
1.275 10 000 11.2

entropy of hard disks® which is 0.36. Note that A4/4
is as small as the relative variation of volume asso-
ciated with the disorientation transition of a nematic
liquid crystal.”

We have also added to the Hamiltonian of the
system an external potential, which can be thought
of as an external magnetic field H acting on hypo-
thetical magnetic moments carried by each ellipse

=N
V=—H?3 cosd,,

=1

(19)

where 6; is the angle of the major axis of ellipse
number j with one of the sides of the box, taken as
the axis Ox.

For a value BH?=4, the large fluctuations of the
pressure and the disorientation phase transition dis-
appear (Fig. 5) for areas 1.40<A4/4,<2.0. The ap-
plication of a magnetic field H, which orients the
ellipses more and more as the density is lower and
lower, certainly suppresses the disorientation transi-
tion totally (note however that the van der Waals-

A/Ay

F1e. 5. Isotherms at medium density (1.4<A4/4,<2.0), for
zero magnetic field H and for BH?=4 (lower curve) ; the nematic-
liquid transition region (for H=0) is shown at a larger scale.
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like loop associated with the transition for zero mag-
netic field remains for values of the magnetic field
| H] which are sufficiently low, and which become
lower and lower as the number of ellipses N grows).
A very accurate way of determining the free energy
of the system, including in the transition region, would
be to stabilize the nematic phase by applying a mag-
netic field. This would however require longer cal-
culations.

It is likely that, as the magnetic field | H | increases,
for any axis ratio ¢/, number of ellipses N and shape
of the close-packed lattice, the melting area A,/4o
increases. In particular, as | H | —+ =, all the major
axes become parallel to Ox and the system behaves

TasiE II. Equation of state at medium density.

H=0 pHt=4
Number of Number of
A/A, steps PA/NET steps PAW/NET
1.40 80 000 7.00+0.07 20 000 6.5240.05
1.45 20 000 6.15+0.15 10 000 5.74+0.07
1.50 20 000 5.3140.15 10 000 4.9140.07
1.55 20 000 4.70+0.10 10 000 4.26£0.07
1.60 30 000 4.3340.10 10 000 3.8240.07
1.65 70 000 4.0440.07 10 000 3.42+0.07
1.675 40 000  3.84+0.05
1.70 50 000 3.69+0.05 10 000 3.14+0.07
1.725 40 000  3.55+0.05
1.75 80 000 3.43+0.05 10 000 2.85:+0.07
1.775 80 000 3.2840.05
1.7875 80 000 3.3440.05
1.80 80 000 3.28+0.05 10 000 2.5440.07
1.825 80 000 3.1440.05
1.85 40 000 3.0240.08 10 000 2.39+0.07
1.875 40 000 2.96+0.08
1.90 40 000 2.84+0.08 10 000 2.29+0.07
1.925 20 000 2.76+0.10
1.95 20 000 2.67+0.10 10 000 2.044-0.07
2.00 30 000 2.48+0.10 20 000 1.93+0.05
2.05 20 000 2.32+0.10

exactly as a hard-disk system, as can be seen by apply-
ing the affinity (4).

The equation of state of the ellipse system at me-
dium densities (1.40<4/4,<2.0) is given in Table 1I.
The value of ¥, chosen to determine the pressure
(Sec. IV.A) was 61.44 for H=0 and 15.36 for gH*=4
(in the latter case, we checked that using a value
of ¥, 4 times bigger leads to a value of PAy/NkT
which differs by less than 0.1). The statistical un-
certainty on PA,/NkT has been estimated by the
standard deviation of the average of the pressure
over 10000 steps for H=0 and over 5000 steps for
BH*=4.

The directional-order parameter M, defined by (18),
is shown on Fig. 6 for H=0 and for BH?*=4. In zero
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F1G. 6. Variation of the directional-order parameter M with
A/Ao for zero magnetic field H (black circles) and for gH2=4
(dots with error bars).

magnetic field, we were unable to determine accu-
rately M since its statistical fluctuations are of much
larger relative amplitude than the fluctuations of the
pressure and range over a number of steps at least
8 times greater.

This difference in the behavior of M and of the
pressure can be understood as follows: in a given
configuration, all ellipses contribute to M, whereas
only pairs of neighboring ellipses, which are very
often nearly independent of each other, contribute to
the pressure.

It seems that even after the nematic-liquid transi-
tion there remains a very weak residual orientation
of the ellipses, due to the small size of the system.

C. Phases of the System for Weak and
Very Strong Elongations

If the axis ratio /b is sufficiently close to 1, when
the density decreases, the system undergoes a dis-
orientation transition before melting. We expect to
observe a phase analogous to the plastic crystal
phase™ 2 with ellipses completely disoriented but whose
centers form a lattice. '

In order to observe such a phase, we have studied
a system of 168 hard ellipses, with axis ratio a¢/b=1.01,
at area A/Ap=1.15 [the box, almost square, was
compatible with the lattice defined by (6b) and (7b),
with N¥,=14 and N,=12]. After 30000 steps, i.e.,
5X 108 configurations, the structure factors S{q:) and
S(4gs), averaged over 10 000 steps, remained equal to
14010 whereas the directional-order parameter has
the value: M =0.006+0.001. The system is therefore
completely disoriented but still solid.

On the contrary, as a/b grows to infinity, the melting
transition probably occurs at a density infinitely close
to the close-packed density and the disorientation
transition starts at an area Ag/A, which is infinite:
the only remaining phase is the nematic phase. We
prove in Appendix D that, for N infinitely long el-
lipses, the nematic-liquid transition area 4,/4, tends
to infinity as (1/2V3)(a/b) (As./N) where Az is the
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corresponding area of the disorientation transition
which is likely to occur in a system of N hard rods
of length 2 (enclosed in a box of the same shape as
the box used for the ellipses, with periodic boundary
conditions) as is suggested by Onsager’s theory.’
(A4 can be determined by Maxwell’s double-tangent
construction; note that this hard-rod transition is not
necessarily of first order.)

VI. CONCLUSION

We have shown that in a system of 170 hard el-
lipses of axis ratio a/b=6, two first-order phase tran-
sitions occur:

(a) a solid-nematic transition, starting at a density
Ao/ A significantly higher than the density at which

the hard-disk system starts to melt;

(b) a nematic-liquid transition, starting at area
Aa/Ae=1.77520.025 and occurring with an entropy
change AS/Nk 3 to 7 times smaller than the melting
entropy of the hard-disk system.

This result suggests that the nematic-liquid transi-
tion of real liquid crystals, as the melting transition,
might be mainly due to geometrical factors.

Besides, we have studied the asymptotic behavior
of the hard-ellipse pressure and free energy at very
high density. We have shown that, as the area of
the system approaches its smallest value, there are
some preferred directions along which the maximum
allowed displacements of the ellipses are much larger
than along others. Because of these static collective
modes, the asymptotic behavior probably differs from
the one predicted by the free-volume theory by a
(negative) quantity of order 1/(V)¥2, for large values
of the number N of ellipses, instead of —2/N as for
hard disks.

Let us finally state some of the interesting ques-
tions which remain and which would need further
investigation: A more accurate determination of the
entropy change at the nematic-liquid transition could
be obtained by studying the free energy in presence
of a magnetic field. A detailed analysis of the direc-
tional-order parameter M should be made, especially
for large values of N. The two-dimensional system of
hard rods of finite length might deserve an investiga-
tion, since it probably shows a disorientation transi-
tion. Finally a study of the three-dimensional hard-
ellipsoid system would probably be most interesting:
it will probably be shown, if we overcome the tech-
nical difficulties that we have described, a difference
between the phase transitions of a system of oblate
ellipsoids and those of a system of prolate ellipsoids.
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APPENDIX A: OUTLINE OF THE PROOF OF
STATEMENTS 1 AND 2

We consider the ellipses E; and E; defined in Sec.
I1.A. Their equations are {(a=1, 2)

Fu(M)=[(0.M 1,)*/a*]+[ (0.M -1, )2/B]—1=0.
(A1)

Let M, (i=1, +-+, 4) be their intersection points (real
or complex, distinct or not). Let us consider the
pencil of conics® generated by E; and E,, i.e., the
family of conics C(A) with equation

F<>‘; M)EFI(M)+)\F2(M)=O)

where ) is a complex parameter.

This pencil contains three degenerate conics Ci, Cy,
and C;, which consist of the pairs of straight lines
(Mle, M3M4), (M1M3, M2M4), and (M1M4, M2M3),
respectively. The corresponding values of A, namely
Ay, Ag, As, are the roots of the determinant of C(\)
which equals

(A2)

P()\) = )\3+f1)\2+f2>\+ 1

up to a constant factor. The coefficients f; and f, are
those given by Eq. (1b).

Using geometrical arguments one can prove" the
following correspondence between the configurations
of the pair of ellipses E; and E, and the properties
of the roots Ay, Ag, and A; of P(A):

(A3)

Case 1: Ellipses E; and E, are tangent (at a real
point); P(\) possesses a multiple root.

Case 2: E; and E, have no real common point;
the roots of P()\) are real and distinct, and they are
not all negative.

Case 3: E; and E, intersect at four distinct real
points; the roots of P()) are real, distinct and negative.

Case 4: E; and E. have only two distinct real
common points; P(A) possesses two complex con-
jugate roots.

To complete the proof of Statements 1 and 2 we
express the discriminant of P(A), i.e., the product
P(u1)P(uz) where uy and pp are the roots of P/(\),
in terms of fi and fo. The contact function ¥ of E;
and E, is precisely the quantity [—81P(u)P(u)].
From this definition of ¥ and Eq. (A3), we deduce
very easily the following statements: P(\) possesses
a multiple root if and only if ¥=0. The necessary
and sufficient condition for the roots of P(\) to be
real and distinct is ¥>0. If the roots of P(\) are
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real, they are all negative if and only if f; and f, are
positive.

Applying these remarks to the four cases described
above, we easily obtain Statements 1 and 2 (and
similar statements for Cases 3 and 4).

APPENDIX B: THE CONTACT FUNCTION OF TWO
IDENTICAL ELLIPSOIDS OF REVOLUTION

Let us consider two identical ellipsoids of revolu-
tion E; and E,. Let 0; and 0, be their centers; u; and u,,
the unitary vectors of their axes of revolution. The
length of each ellipsoid along its axis of revolution
is 2e¢ and their larger transverse size equals 2. We
set r=[[0,0,].

Using methods similar to those of Appendix A, we
have shown in Ref. 14 the following statement, analo-
gous to Statement 2 of Sec. IT.A, which enables us
to reject the forbidden configurations of the hard-
ellipsoid system in the Monte Carlo calculation.

Statement 3. The necessary and sufficient condition
for two ellipsoids E; and E, to have no real point
in common or to be exteriorly tangent is that the
three following functions ®, S, and S, be positive or
zero and that one at least among the quantities g1, g,
and % be negative.

g« (a=1 or 2) and % are the following functions
of r,u,uy, a and b—(uy, uy, r) is the scalar triple
product (u;xu,)-r—

ga=4-+[(/b) — (b/a) Pl xu)— (2/12)

+L(1/8)— (1/6*) )(r-ua)?,
h=gi+g—2~ (1/8)[(a/b)— (b/a) P(uy, vy, 1)

(Bla)

(B1b)
If we set
p=—h, (B2a)
g=gnge—4, (B2b)
w=4h—g*— g, (B2¢)

®, Sy, and S, are the following functions of r, uy, u,,
a and b

P=4(p"—3q)(¢"—3wp)— (9w—pg)’, (B3a)
Sl= h2— 2g1g2——'4, (B3b)
So=gi’g’+8gige— 2k (g +gt). (B3c)

The following statement shows that ®(r, uy, uz; @, b)
plays indeed the role of the contact function for
ellipsoids.

Statement 4. When two ellipsoids E; and E, are
tangent (interiorly or exteriorly), their contact func-
tion & is zero.

But, contrary to the contact function of ellipses,
that of ellipsoids ®, can be zero though the ellipsoids
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are not tangent at any real point (however they are
then tangent at two imaginary conjugate points).
Indeed, we have proved in Ref. 14 the following
statement.

Statement S. When two ellipsoids E; and E, have
no real common point, the necessary and sufficient
condition for their contact function ® to be zero is
that their axes of revolution and the line of centers
0,0, be coplanar and that the quantities | r-u; | and
| r-u,| be equal.

Moreover this condition is sufficient, even when the
ellipsoids overlap, as we can verify directly by using
equations (B1), (B2), and (B3a). In particular ® is
zero when the axes of revolution of the ellipsoids are
parallel. The contact function is identically zero in
the case of spheres (a=b).

APPENDIX C: VALUES OF ¥ WHEN THE MAJOR
AXES OF THE ELLIPSES ARE PARALLEL

Let us use the notations of Sec. IT.A. When the
major axes of ellipses E; and E, are parallel u,=u,=u,
and wy/=u,’=uy. In this case, let x and y be the
coordinates of the vector r=[0;0;]] in the orthogonal
frame (u,, uy’). Let us set

s=(2*/a*)+(¥*/8). (Cla)

From equalities (1), the functions fi, fo, and ¥ can
be written as follows

Si(r, uo, wg) =f2(r, to, o) =3—s5=f (C1b)
(1, ug, ug) =3(f—3)*(f+1)=3s*(s—4). (Clc)

In particular, when E; and E. are two adjacent
ellipses of the lattice shown on Fig. 2, the contact
function ¥ is zero; the quantities s and f take the
following values

s=50=4 (C2a)
f=fO=—1. (C2b)

Let us apply the similarity of center 0 and ratio
(A/Ax)V? to the sites of this lattice (Fig. 2), keeping
the axes of the ellipses constant in magnitude and
direction. In the case of two nearest neighbor ellipses,
the function s equals 44/4,, according to (Cla) and
(C2a). At area A/A,, the contact function ¥ relative
to two adjacent ellipses therefore takes the following
value ¥

APPENDIX D: THE NEMATIC-LIQUID
TRANSITION WHEN ¢/b APPROACHES
INFINITY

In this appendix we shall prove the following result,
quoted in Sec. V.C; when a/b approaches infinity,
the area A4/4o at which the nematic-liquid transition
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starts (or ends) is an infinitely large quantity equiva-
lent to the expression (1/2v3)(a/b)(An/N), where
the area A, corresponds to the disorientation transi-
tion which probably occurs in a system of N hard
rods of length 2, enclosed in a box of the same shape,
with also periodic boundary conditions.

Let us then consider a system of N hard ellipses.
Let r; be the position vector of the center of ellipse E;
(with respect to the origin 0). Let us increase ¢ to
infinity keeping & fixed. Let us set

I;j=apj, (Dla)

0= 01 (D1b)

In this limit let us investigate whether the ellipses
E; and E,, for instance, do not overlap, by using
Statement 2 of Sec. II.A and Equalities (1). When
a—+ oo, the functions fo (a=1 or 2) are almost
everywhere infinitely large quantities equivalent to
(a?/b*)[sin®— (p*u.’)?] and the contact function ¥
is an infinitely large quantity equivalent to 3fi%f%.

Therefore, in this limit, the necessary and sufficient
condition for ellipses £, and E, to overlap is that
both quantities sin’f— (p-u,’)? be positive or zero.
Tt is just the overlap condition of two hard rods of
length 2, respectively parallel to u; and u,, and whose
center position vectors are g; and g.. Thus we asso-
ciate V hard rods with the ellipses.

From Equality (D1a), if the disorientation transi-
tion, which is likely to occur in the N hard-rod sys-
tem, starts at area A, that of ellipses starts at area Ag4,
which is an infinitely large quantity equivalent to
a24;,. Using Equality (5) (where pp=N/A,), we find
therefore the behavior of the relative area Ag/A4,
when a/b approaches infinity.

APPENDIX E: PREFERRED DIRECTIONS OF
DISPLACEMENTS AT VERY HIGH DENSITY

I. Description of the Preferred Directions

In this Appendix, we shall essentially show the
existence of the abnormally large allowed displace-
ments of the ellipses at very high density, which we
have introduced in Sec. III.C. To this end, we shall
use ideas of Salsburg and Wood!® about hard disks
at very high density.

Let us first consider any shape of the lattice shown
on Fig. 2. At area A/A4,, we define the position 0;
of the N lattice sites by Egs. (10), but now the
index 7 runs from 1 to N. Let r; be the position vector
of the center of ellipse number j E; (with respect to
the origin 0) and 8; the angle (modulo =) of its major
axis with Ox; if u; is the unitary vector of this major
axis and 4, is that of the axis Ox,

;= (0x, u;) = (uo, u;), (Ela)
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with | 6;| <7/2. We set also
AI']'=I'J~—R]’. (Elb)

The center of ellipse Ey is still at the origin 0; ry=
Ry=0.
In each configuration of the system, we number
the N—1 other ellipses in order to minimize the sum
k=N—1

> (ar).

k=1
Let Ax; and Ay; be the components of the vector
Ar;, in the orthogonal frame of coordinates Oxy. Let
us make the following coordinate transformation

Ax;=ocat;, (E2a)
Ay;=aby;, (E2b)
8;=0[(a/d)—(b/a) T, (E2c)

with

k=N 2 2 2 1/2
o= [E S L (‘5 - é)oﬁ] . (E2d)
=1 G b b a

Let {; be the vector whose components are £ and »;
in the frame of coordinates Oxy({n=0). The point
D= (&, +++, {n-1, 71, *+, Tv-1, 7v) belongs to the unit
sphere of the (3N-—2)-dimensional space. D and ¢
stand, respectively, for the direction and the ampli-
tude of the displacements of the ellipses, from their
respective positions on the lattice.

Let us now consider the lattice defined by condi-
tions (6a) and (7a). We assume that this lattice is
unique and above all stable: As the area A approaches
Ay, o tends uniformly to zero. It can however happen
that the box containing the ellipses is compatible
with several lattices, defined for instance by (6a)
and (6b). If these lattices are completely disconnected
at very high density, we can consider each of them
separately.

Using these assumptions we shall show the existence
of preferred directions D, along which the maximum
amplitude o (D, A/4,) of the (allowed) displace-
ments of the ellipses, at area A/4,, is an infinitely
small quantity of order less than or equal to the
order of [(4/40)—17Y2, when A4 tends to Ao, whereas
ou is of order (4/A4,)—1 in every other direction D.
(Omitting the assumptions of stability and of unique-
ness of the lattice, we shall obtain slightly weaker re-
sults.)

Let X;® and ¥, be the coordinates (in the frame
Oxy) of the site 0; of the lattice at maximum density
(XnO=Vx®=0) and let uy be the unit vector of
the axis Oy. These preferred directions D are gener-
ated by the 2N.—1 independent directions defined
as follows, by means of the phases ®;® (u=1,2,---,
2N,—1)

&9 = (mn/N.)(1/a) X0+, (E3a)

(W =34, cotg(mmr/2N,)[sin®;® —sing, us, (E3b)

;¥ =A, cosd;®; (E3¢c)
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the integer m runs from 1 to N,; ¢,=0 or #/2 for
1<m<N,; ¢,=0 if m=N,; the real coeficient 4, is
a normalization constant.

Each preferred direction is defined by the following
linear equations (where 8§,=2N,—1)

u=0y

(= 2 Bui»,

p=1

(E4a)

u=d1
5= 2 Burj®;

p=1

(E4b)

the 2N,—1 real constants B, verify the normalization
condition
J=N-—1

Z (§j2+7'.1‘2)+TN2= 1.

=1
In these preferred directions all the displacements of
the ellipse centers are perpendicular to the initial
direction of their major axes Ox.

In the case of the lattice defined by (6a) and (7a),
after showing the existence of these abnormally large
displacements, we shall be able to prove the first
inequality (12). This inequality is due to the exist-
ence of the 2N,—1 static collective modes (E3),
which increase the (configurational) partition func-
tion Zy at very high density and reduce the pressure
and the constant ». As we shall now see, the proof
of the second inequality (12) is much simpler and
much more general than the proof of the first one:
It applies to any shape of the lattice shown on Fig. 2,
without any assumption of stability or of uniqueness.

II. Proof of the Second Inequality (12)

In the limit as the area 4 tends to 4, we shall
therefore investigate, by means of Statement 2 and
Egs. (1), whether the configuration (¢, D) of the N
ellipses is allowed. For the moment we consider any
shape of the lattice (Fig. 2). We first assume that
this lattice is unique and stable at very high density.

At maximum density, Egs. (4) transform the site
0,9 of the hard-ellipse lattice (Fig. 2) into the site
0/® of the lattice formed by the N hard disks of
unit radius (Fig. 1). We recall that R;®@=[00,97],
let us set

R;©=R,®—R,®
R;/@=R,/O—R/® with R;©=[00;O].

(E5a)
(E5b)

According to (4), in the frame Oxy, the coordinates
X9 and Vi@ of Rjy® are related to the components
X#'® and Vi'©® of Ry'®@ in the following way

Xiu©®=aX;'O, Vi @=pV /.

Let us set

(E6)

cn=3X; OV 'O,

(ET)

Using Statement 2, we determine now if the ellipses
E; and E; do not overlap (taking into account periodic
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boundary conditions). When 4—4,, ¢ tends uniformly
to zero; fo(ri—r1; u; u;) (for =1 or 2) tends uni-
formly to fo(Rx®, uo, uo) which is less than or equal
to —1 as can be seen from Egs. (C1) and (C2).
Besides, the contact function ¥u=¥(r,—r; u;, u;)
tends uniformly to ¥;@=¥(R;©®, u,, u,) which is
always positive or zero. ¥;© is zero if and only if the
sites 0, and 0,©@ (or their images) are nearest neigh-
bors. Therefore, in the limit as 4—A4,, it follows from
Statement 2 that the allowed configurations of ellipses
(o, D) are given by “¥;>0 for any pair of adjacent
sites 0, and 0,©”.

For fixed area A, when the amplitude of displace-
ments ¢ tends to zero, the functions ¥; (g, D, 4/4,)
associated with pairs of adjacent sites tend uniformly
to the quantity ¥.(A/4,) defined by Eq. (C3). Let
us therefore write

(3 (27 =2(A4/40)*[(4/A0)—1]
_‘7176(0-1 D; A/Ao), (ES)

the function I; is everywhere continuous and inde-
finitely differentiable, even for oc=0. When A—A,,
o tends uniformly to zero and lx(o, D, A/4,) tends
uniformly to

Li(D)=(—3")(27)[(3/00)¥sJo.p.  (E9)

To determine Lj(D), we use ¥; and Egs. (Et1),
(E2), (10), (1), (C2b), (E6), and (E7). We obtain
in that way

L (D)= ({=8G) R/ OF-cp(ri+m). (E10)

Let I{o, D, A/Ap) be the greatest of the 3N num-
bers Iz associated with pairs of adjacent sites

l(o’, D7 A/A0)=max’ [lj/c(O', D, A/Ao)] (Ell)

Therefore, according to (E8), in the limit as 4—4,,
the necessary and sufficient condition for the con-
figuration (g, D) to be allowed is

2(A4/40)°[(4/40)—1]—0l(s, D, 4/44)>0. (E12)

Let us now prove the second inequality (12). From
Eqgs. (E2) we deduce that the configurational parti-
tion function Zy of the system of ellipses can be
written as follows (if translations of Ey are allowed)

Zn=(A/ab)[a2b?/ (@ — BV [ o¥=3ded(D), (E13)

in this integral dQ(D) is the element of area on the
unit sphere of the (3N —2)-dimensional space.

Let M be a positive upper bound of I(e, D, 4/4,)
for ¢ and A/A, less than two, for any direction D.
According to (E12), for any o< (2/M)[(4/A40)—1],
the configuration (s, D) is allowed. We note that
the latter statement can be proved without any as-
sumption of stability or of uniqueness of the hard-
ellipse lattice, since the values o considered in this
statement necessarily tend to zero uniformly when
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A—4,. Thence, from Eq. (E13) it follows that Zy
is greater than K[ (4/A40)— 172 where K, is a con-
stant. From Eq. (9) we deduce the second inequal-
ity (12).

III. Proof of the Existence of the Preferred Directions

Let oar(D, A/Ap) be the lower upper bound of the
allowed values of the amplitude o, along any given
direction D of displacements. To define o, particu-
larly in the case where the box containing the ellipses
is compatible with several lattices, we can only con-
sider the configurations (o, D) “accessible’’®® from the
configuration ¢=0, which are obtained as follows:
We suppose that the ellipses first occupy their re-
spective positions on the lattice defined by the con-
dition ¢=0. Then we make all the continuous de-
formations of the system so that no two ellipses
overlap (D is not fixed). We thus generate the con-
figurations (o, D) accessible from the configuration
e=0.

We shall now study the behavior of o3y when A—A4,.
Inequality (E12) involves the following equation

Z(A/Ao)?’[(A/Ao)—IJ—O'MZ(G'M, D, A/Ao)=0 (E14)

Let L{D) be the greatest of the 3N quantities L;(D)
defined by Eq. (E9) and associated with pairs of
adjacent sites
i<k

Let us now use the assumption of stability of the
hard-ellipse lattice. From Egs. (E11), (E8), (E9),
and (E15) we deduce that, when A4 tends to Ao,
I(om, D, A/Ap) tends uniformly to L(D). Conse-
quently, from Eq. (E14), it follows that the ratio
om/[(4/40)—1] tends to 2/L(D). If L(D) is posi-
tive, oar is therefore an infinitely small quantity of
order (4/A,)—1, as is the variation of the size of
the box containing the ellipses. When L(D) is zero,
oy is an infinitely small quantity of order less than
the order of (A4/4,)—1; the allowed displacements
in direction D are then abnormally large at very
high density. In the latter case, by continuing the
expansion (E8) of ¥, in powers of o, we could show
that the order of o is less than or equal to the order
of [(A/A0)—17

We shall now verify that L(D) is everywhere posi-
tive or zero. The hexagonal symmetry of the hard-
disk lattice (Fig. 1) and Egs. (E5b) and (E7) yield
the following equalities, where the sums run over the
six sites 0@ adjacent to any given site 0;/®

SYRK®=0 and > cup=0. (E16a)
) 3

Therefore, from Eq. (E10) we deduce that the 3N
linear forms L, (D) associated with pairs of adjacent



PHASE TRANSITIONS OF HARD-ELLIPSE SYSTEM

sites satisfy the following identity

2 La(D)=0.

<k
According to the latter equality and Eq. (E15), L(D)
is positive or zero. L(D)=0 if and only if the 3N
linear forms Ly (D) are zero. The preferred directions
of displacements at very high density are therefore
given by the set of the 3V homogeneous linear equa-
tions L;(D)=0, with {y=0 since the center of el-
lipse En is at the origin 0.

We shall now solve this set of linear equations. Let
us consider the quantities Rz'@ and ¢; appearing in
Eq. (E10). According to Egs. (E5b) and (E7), Ry/'©
and c¢; are invariant under translation of both sites
0/® and 0,’® on the hard-disk lattice (Fig. 1). For
this reason we make the following Fourier transfor-
mation (with 1<j<N)

{;=2 exp(iq-R,/®){(q),

qa

7;=2_ exp(iq-R/®)7(q);
q

(E16b)

(E17a)
(E17b)

the N vectors q belong to the reciprocal lattice of
the box containing the N hard disks of unit radius
(we assume that the sides of this box are respectively
parallel to 00/® and to 0,/®0,® on Fig. 1). As
{nv=Ry'®=0, the sum of the Fourier components
L(q) is zero.

In the particular case of the hard-ellipse lattice
defined by (6a) and (7a), straightforward but rather
long calculations thus yield" the preferred directions
of displacements (E3) and (E4).

We note that the existence of these static collective
modes (corresponding to particular values of q) can
be proven without any assumption of stability or of
uniqueness of the hard-ellipse lattice. Indeed, along
any preferred direction D, the ratio ow/[(4/A4s)—1]
tends to infinity even if oy does not tend to zero.
In the absence of these assumptions there might
exist other preferred directions of displacements and
the first inequality (12) might be false.

IV. Proof of the First Inequality (12)

Let us now prove this inequality, still in the par-
ticular case of the lattice defined by (6a) and (7a).
Let I be the origin (¢=0) of the (3N—2)-dimen-
sional configuration space V. In this space, with each
configuration (g, D) we associate the vector [IP]|=
o[[ID]). Replacing [[ID]] by [[IP] in Egs. (E10) and
(E15) we can still define the linear forms Ly (P)=
Ly ([ZP]) and the function L(P).

Let us consider points P; satisfying the condition
L(Py)=0, i.e., the 3N equations L (P;)=0. Vectors
[ZP\]] generate a linear vector subspace Vi of V.
From Egs. (E4), the dimension of V; is §,=2N,—1.
Let V, be the linear vector subspace orthogonal to V;;
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the dimension of V, is 8;=3N—2N,—1. Let us project
[IP] on subspaces Vi and V,; [IP]|=[IPi]+{[IP.]
(the vector [[1P:]] belongs to V,). We shall now prove
that the magnitude IP; is an infinitely small quantity
of order greater than or equal to the order of (4/4,)—1,
when A—A,, along a given direction D.

Let po be the unit vector parallel to [ZP.]]. The
definitions of subspaces Vi and V, and Eq. (E15)
yield the identity o¢L(D)=L(P)=IP.L(y.), where
L(me) is everywhere positive. In the limit as A—A4,,
according to Eq. (E14), the quantity ¢L(D)=L(P)
is (approximately) less than 2{(A/4,)—17]. Since
L(P)=IP,L(p:), when A—Ay, IP; and the & co-
ordinates of P, in V, (with respect to any basis of
vectors spanning V») tend to zero at least as fast as
(A/Ao)—1. Since 1P, is bounded, the partition func-
tion Zy is less than Ko[(A4/4,)—1], where K, is
a constant. As 8=3N—-2N,—1, from Eq. (9) we
deduce the first inequality (12).

APPENDIX F: PROOF OF THE RESULT »=3 IN
THE FREE-VOLUME APPROXIMATION

In this appendix we indicate how the result quoted
at the end of Sec. III.LB can be proved* by using
methods of Appendix E. We now consider, at area 4,
the ellipse E and its six fixed nearest neighbors E;
(with 1< j<6) defined in Sec. II1.B. We investigate
whether ellipse E and any of the ellipses E; do not
overlap and we proceed along the lines of Appendix E
with the following slight modifications.

The system now includes seven ellipses, six of the
ellipses are fixed. Ellipse Ex (with N=7) coincides
with E (the center of Ey is no longer at the origin).
The coordinates appearing in Egs. (E2) are
for

ijszJ=0j=0, IS]S6,

Axy=ux, and Oy=90.

AN
The point D belongs to the unit sphere of the three-
dimensional configuration space. The assumptions of
stability and of uniqueness quoted at the beginning
of Appendix E are now. unnecessary.

The analogue of the quantity L(D) defined by
Eq. (E15) is now the greatest of six linear forms
L;(D) associated with the six fixed ellipses E; (for
1< 7<6). We can deduce L;(D) from Eq. (E10) by
letting the site 0,'® coincide with the origin. Accord-
ing to Eq. (E16b), the sum of the six functions L;(D)
is identically zero. But, since these quantities cannot
be altogether zero on the unit sphere, L(D) is now
everywhere positive. Therefore, when A—A4,, the maxi-
mum amplitude (D, 4/4,) of displacements (of
ellipse E) along the direction D is an infinitely small
quantity equivalent to 2[(4/4,)—1]/L(D). The co-
ordinates x, y, and 8 are infinitely small quantities
of order (A/A4,)—1.

Ayn=y,
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Approximate valence electron self-consistent field crystal orbital calculations using INDO and MINDOQ /2
parameters are described for polyacetylene, polyethylene, and polyglycine in a planar and a-helical con-
formation. The electronic energy band structure and electronic charge distribution are discussed and
compared with previous theoretical calculations and available experimental results.

I. INTRODUCTION

It has been recognized for some years now that
a useful perspective on the electronic structure of
organic and biological macromolecules may be derived
from the energy band theory of solid state physics.
The quasiperiodic core potential of the macromolecu-
lar backbone gives rise to a manifold of energy levels
resembling that expected for a one-dimensional crys-
tal, with bands of levels separated by forbidden zones
or bandgaps. The bandgap AE between the highest
filled and lowest unfilled bands and the band shapes
define theoretical values for the intrinsic electrical con-
ductivity of the system.

The theoretical description of polymers as with
other large organic molecules was first approached in
the framework of the m-electron approximation, using
free electron theory! and independent electron mo-
lecular orbital theory? to simplify the computations
to a tractable level. The Huckel theory of organic quan-
tum chemistry has been applied extensively to poly-
meric systems, notably by Lennard-Jones? Longuet-
Higgens and Salem,* Tsuji, Huzinaga and Hasino,® and
Kutzelnigg.® Studies using advanced methods were
reported by Ooshika’ and Dewar and Gleicher,® and

Pople and Walmsley.® Studies on polypeptides were
reported by Evans and Gergeley,” Yomosa," Suard,
Berther and Pullman,”? and Suard-Sender.

The series of papers by Ladik and co-workers
have detailed the application of independent electron
and self-consistent field crystal orbital theory in the
m-electron approximation, with extensive applications
to the calculation of w-bands in periodic models of
nucleic acids. A parallel series of papers by Andre,
Gouverneur, and Leroy® have treated the electronic
structure of polyene, polyacenes, and graphite from
a similar viewpoint.

The interplay between the theoretical studies on
the electronic structure of polymers and the experi-
mental work on properties such as electrical conduc-
tivity has to date been very constructive and signifi-
cant. The bandgap for a two-dimensional polypeptide
network was calculated by Suard-Sender to be ~5 eV
against an experimentally measured value of ~2.4 eV
and appeared to rule out intrinsic semiconductivity
as the conduction method. Reconsideration of the
relationship between calculated and observed values
recognizing the experiments were carried out in a
medium with a dry state dielectric constant ~3 in-
dicated that the Suard-Sender value was not neces-



