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1 Introduction

Wire brushes are commonly used for polishing, deburring,
and for the expedient removal of surface substances. In
previous years, such applications frequently involved the
hand-regulated use of brushes and, apparently, little attention
was given to the analysis of brush properties, performance,
and material removal mechanics. Thus, limited technical in-
formation is available in the literature pertaining to the design
and in-service performance of filamentary brush systems.

Recently developed brushing methods employ robotic
systems for automated deburring and surface finishing ap-
plications [4, 8]. It is known that the brush stiffness, rota-
tional speed, and force exerted on the workpart play a crucial
role in establishing the material removal rate and surface
finish quality. Thus, in order to ensure the accurate and effi-
cient use of brushes in the computer-aided manufacturing pro-
cess, a clear understanding of the brush stiffness properties
and dynamic characteristics must be developed.

Brushing processes involve a complex filament-workpart in-
teraction within a relatively narrow surface region. Contact
forces are developed as the filament tip moves along a con-
strained path, as described by the workpart surface. General-
ly, large filament deformation can result due to the applied
forces and subsequent brush penetration by the workpart.
Although large displacement mechanics analyses have been
the subject of investigation for several decades [1, 7, 9], the
problem involving large deformation along a constrained path
has apparently not yet been reported.

The present research examines the stiffness properties of cir-
cular brushes on the basis of a large displacement mechanics
analysis. Constrained filament deformation is evaluated for
circular brushes in contact with a flat, rigid workpart, and
special attention is given to examining fundamental
characteristics of the filament-workpart contact region. Fric-
tional forces which are developed between the filament tip and
workpart surface are omitted in the present study. The
analysis assumes quasistatic filament contact with the
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analysis in conjunction with kinematic constraints for a flat, rigid workpart with
smooth surface finish. Numerical results are reported which examine the relation-
ship between workpart pernetration, brush stiffness, and jforce distribution
characteristics of the workpart contact zone.

workpart, and is based upon the following additional assump-
tions for the brush system: interaction between individual
filaments is neglected; filaments emanate radially from the
hub center and are uniformly distributed along the cir-
cumferential direction; brush eccentricity is neglected;
filaments are initially straight, of equal length, and obey
Hooke’s law.

2 Mechanics Analysis of Filament Deformation and
Brush Stiffness

An idealized geometry of a circular, filamentary brush,
commonly used for deburring and polishing applications, is
shown in Fig. 1. Each filament of the brush has constant cir-
cular cross-section and is assumed to be clamp-supported at
the hub outside radius, r=r,.

Deformation of a monofilament is examined in Fig. 2 for
the case of quasistatic contact with a flat, rigid workpart. As
the hub rotates counterclockwise, each filament has initial
contact with the smooth surface S, at @ = Q., and subse-
quently undergoes large deflection while remaining in contact
with the workpart, until final release angle Qj, is reached. The
dashed horizontal line located at @ =0 corresponds to the free-
filament length and, in conjunction with the surface S, defines
brush penetration depth A,

Deformation of the i, filament is illustrated in Fig. 3. Nor-
mal force F; is shown at the contact point of the deformed
filament on S, and, on the basis of large displacement
mechanics analysis [5], the following nonlinear differential
equation is obtained:

M.

vi//::_E_‘II_ [1 + (vi,)2]3/2’ (1)
where M; is the bending moment, v; is the displacement along
the y-axis and (') denotes differentiation with respect to the
position coordinate, u;, for the displaced configuration. Thus,
for the initially straight filament having normal and transverse
force components shown, the following mathematical for-
mulation of the problem is obtained:
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Fig. 1 Geometry of a circular filamentary brush
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with boundary conditions
v,(0)=0, ©)
vi(0)=0, 1C))
v{up) =0, (&)

along with the constraint

t=| VI s au, ®)

where u}and v, (1}) correspond to the displacement solution of
u; and v; on S, respectively, and ¢ is the filament length. The
constraint given by equation (6) is based upon the assumption
that no axial deformation occurs along the filament length.
The numerical solution of equations (2)-(6) involves a
systematic approach for evaluating load F;, deformation (u],
v; (4))) and corresponding filament angle Q;, and is further
discussed in the next section. One may observe from the
mathematical formulation of the preblem, that a change in the
filament flexural rigidity EI will only affect the solution by
altering the end force F; in direct proportion, that is,

} = constant. ©)

Thus, if a solution is obtained for (EI),, then the solution for
(ED), # (EI), is also known. The two filament configurations
are identical, while the forces at the filament tip are related by
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Fig.2 Deformation of a single filament at the initial, intermediate, and
release positions
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Fig. 3 Deflection of i, filament and corresponding load for the
deformed and undeformed configurations
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The release angle @5, can be obtained by noting that the
filament bending moment at this configuration satisfies M(0)
= M(u} = 0, as shown in Fig. 4. Thus, the filament geometry
at the release position can be examined on the basis of large
deformation column analysis, and the projected length /is [2,

10}

_4E(p)
I=——=—1, ©)
where
B Fy 1/2_2G(p)
e=(r) = 10
p=sin (QTR) 11
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Fig. 4 Filament configuration at release position

and G(p), E(p) are complete elliptical integrals of the first
and second kind, respectively. An accurate approximation of
Qr can be obtained by using an iterative procedure which
employs equations (9), (10), and (11), in conjunction with the
geometric relationship

I=t—A+r, (1-cos(Qg)), (12)

and results in the release angle {, and associated release load
F, for a specified brush penetration depth A. Evaluation of
the release angle leads to the determination of the ‘‘contact
zone,”” that is, the region over which the filament and
workpart are in contact:

O=t=ty, (13)
where
Eg =ry sin (Qg)—(ry, +7) sin (€¢), (14)
and
A
= —cog—! _
Qg = —cos (1 t+rh)' (15)

Thus, the extent of the contact zone is determined by the brush
penetration depth A and the geometric properties of the
filamentary brush system.

Brush stiffness K; for a system of N uniformly spaced
filaments along the hub circumference, having a brush
penetration depth 4;, is evaluated by superposing individual
loads, that is
=SS o, (16)

where

amn

and m is the total number of filaments on S, such that 0 < &;
< &g, and F; is the corresponding filament load. Stiffness
property K; is associated with a uniform distribution of
filaments in a single plane and, therefore, overall stiffness J¢;
for a brush having » rows of aligned filaments, as shown in
Fig. 1, is given by X; = nK;. It is noted that the resultant
force & will vary with the rotation of the brush hub, due to
progressive contact and release of filaments along £. It is fur-
ther noted that, for a particular filament deformation, the
proportionate relationship F;/EI = constant is valid for any
choice of flexural rigidity E£I. Thus, numerical results for force
and stiffness quantities are reported in the more useful forms,
F/EI and K/EL.
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3. Solution Procedure for Evaluating Constrained
Filament Deformation

In this section, the procedure used for obtaining numerical
solutions for constrained filament deformation is examined.
By employing the change of variables g,(#) = v(u) and g,(x)
= v'(u), equation (2) is rewritten as

8 (1) =g,(w), (18)
F .
8=~ [1+ @] [sin@ " ~u)
— cos(@)(v(u*) — g ()], (19)
with boundary conditions
£,0)=0, (20)
2,(0)=0, Q2n

where subscript / has been dropped. In addition to satisfying
the boundary conditions, it is required that numerical solu-
tions to equations (18) and (19) be obtained for filament-
workpart contact, that is, (u, v) = (u*,0(u*)) on S. Thus, the
constrained deformation problem consists of an initially
unknown relationship between filament angle Q, filament load
F, and filament displacement (u*,v(u*)).

The solution procedure used in the present research assumes
a known filament position £ on S, associated with the filament
displacement

v(*)=(@—-b—%) cos (Q), (22)
u*=(0+r,—A)/ cos(@)+v(*)tan(—- Q) -ry, 23)
where
= (t+ry) sin(—Q¢), 24)
b= (t+r,—Atan(-Q), 25)

and employs an iterative procedure for obtaining F and Q
which, in addition to satisfying equations (18)-(21), also
minimizes ¥;, (i=1, 2), where

¥, = o) - 8w, o)
¥y =( | VT g | @

where v(u*) is obtained by employing equation (22), and
g:(u*) is the corresponding result computed from the in-
cremental numerical solution. Equation (26) is obtained by
employing the boundary condition M(x*) = 0, and equation
(27) is derived from the assumption that the initial and
deformed filament lengths are equal.

Numerical solutions for equispaced £¢¥, (k = 1,2, . . .) are
obtained by employing fourth-order Predictor-Corrector
equations in conjunction with a Runge-Kutta method [3, 6].
Initial guesses for @ and F are obtained on the basis of a
quadratic polynomial extrapolation procedure which uses
previously obtained numerical solutions; for example

QW) =3(Q¢-D —QE-2) 4 Q=3 (k=4) (28)

where Q{f) is the initial guess corresponding to the current
position on the workpart, £¢®. Successive Q¥ are obtained by
employing the Secant Method [3]

1

Qo — g®
o, - -— [g, ]

Vi) — ¥
n=23,...) (29)

along with a similar equation for evaluating filament loads,
F®_ This procedure yields the successive reduction of ¥,,
(i=1,2), and convergent solutions for 2® and F® are ob-
tained by employing the parameters §;, such that ¥, <$4,.
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Fig. 5 Convergence characteristics for (v(u*)v(u*),) vs. number of
iterative steps, Ng, with =0 (t/r, =1, A=0.508 cm (0.2 in.))
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Fig. 6 Filament force F along £ coordinate for A= 0.254 cm (0.1 in.),
0.508 cm (0.2 in.), and 0.762 cm (0.3 in.), with t/r, =1.0

4 Results and Discussion

For the purpose of illustration, numerical studies are
reported for wire brush systems having filament modulus of
elasticity £ = 2.068 x 10> GPa (30x10°% psi), filament
diameter d = 0.0254 cm (0.01 in.), and overall brush diameter
D = 1524 cm (6.0 in.). Convergence parameters 6; used
throughout the investigation are given by 6; = 10~° and §, =
104, and numerical solutions are obtained which minimize
equations (26) and (27) along with the additional requirement
that Q¥ > Q&k-b,

In Fig. 5, the nature and stability of convergent solutions
for filament deformation wv(u*) is examined for various
numbers of steps, N, used in the incremental numerical pro-
cedure. Normalized solutions o(u*) = v(u*)/v(u*), are
reported for @ = 0, where v(u*) is the transverse displacement
evaluated in the present research, and v(u*), is the corre-
sponding exact solution obtained on the basis of post-buckling
analysis [2, 10]. Transverse displacement v(u*), is obtained by
employing the filament load F which was computed from the
present research at @ = 0. Convergence studies for /r, = 0.5,
1.0, and 2.0 with arbitrary penetration depths, A = 0.254 cm
(0.1 in.), 0.508 cm (0.2 in.), and 0.762 ¢m (0.3 in.), yield ap-
proximately the same numerical result, and N; = 100 is
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Fig. 7 Filamerit angle Q vs. filament position along ¢ for A = 0.254 cm
(0.1 in.), 0.508 cm (0.2 in.), and 0.762 cm (0.3 in.), with t/r, =1.0

employed for the numerical studies throughout the present
research.

Magnitude of a single filament load F along the workpart
contact zone £ is examined in Fig. 6 for ¢/r, = 1.0. Solid lines
are used to illustrate the present numerical solutions for
penetration depths A = 0.254 ¢m, 0.508 cm, 0.762 cm (0.1 in.,
0.2 in., 0.3 in., respectively), and open circles depict the fila-
ment release solutions (£, Fy), evaluated by employing large
deformation column analysis. A large load gradient is ob-
served at the initial and final contact positions of the filament.
Final magnitudes of the filament loads at these penetration
depths, however, are approximately constant for both the
numerical results and exact solutions, Numerical solutions for
the final filament contact positions along ¢ are in excellent
agreement with the results obtained by large deformation col-
umn analysis. Comparison of the final magnitude of the
release force by the two different approaches yields a
discrepancy of 11 percent,

The relationship between the filament angle  and the loca-
tion of the filament tip (v, v) = (u*, v(u*)) along £ is il-
lustrated in Fig. 7 for t/r, = 1.0, with penetration depths A =
0.254 cm (0.1 in.), 0.508 cm (0.2 in.), and 0.762 ¢cm (0.3 in.).
Final contact angles obtained by the numerical solutions (ter-
minal point of the solid lines) are in excellent agreement with
the results computed by large deformation column analysis
(open circles). The initial contact angles @, and release angles
Qr, are obtained directly from the figure, and it is observed
that, in general, |Q.| # |Qg|. Furthermore, it is noted that
throughout the contact region &, |d¢/dQ|,., > |d&/d9|,,
(n=1,2, .. ), with max |d¢/dQ| at £ = £ and, therefore, an
increased rate of filament tip displacement progressively oc-
curs along £, as the brush hub undergoes steady rotation.

The distribution of filaments, P = (1 —N;/N,z), along the
normalized contact zone, £ =§/£g, is illustrated in Fig. 8 for a
wire brush system having N = 500 equispaced filaments, ¢/,
= 1.0, and penetration depth A = 0.508 cm (0.2 in.). The
designations N, and N correspond to the number of
filaments on S over the partial region 0 < £ < £, and the con-
tact zone, 0 = £ < &,, respectively, with initial filament con-
tact at Qc. A very sparse filament distribution is noted in the
vicinity of the release position, £ = 1.0. For example, the final
10 percent of the contact zone (0.9 < £ < 1), has fewer than
two percent of the number of contact zone filaments, Nyg.

In Fig. 9, the extent of the contact zone £ is examined for
penetration depth 0 < A =< 0.762 cm (0.3 in.), with t/r, =
0.5, 1.0, and 2.0. In each case, the growth of the workpart
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Fig. 8 Percentage P of all filaments in the contact region, located
within the subregion £ < £ < 1, for N = 500 filaments, t/r, = 1.0,and A
= 0.508 cm (0.2 in.)
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Fig. 9 Length of filament contact zone {g vs. penetration depth 4, for
t/r, = 0.5, 1.0, and 2.0 with N = 500 filaments

contact region is most rapid for small penetration depths. As
the displacement is increased, however, an essentially linear
relationship between the contact zone size and penetration
depth is noted. In addition, for constant penetration depth, a
reduction of the brush geometric parameter ¢/r,, yields a cor-
responding increased contact zone.

Rotation of a brush having equispaced filaments yields a
successive contact and release of the wires along £. The change
of the resultant force &, associated with the hub rotation 6, is
examined in Fig. 10 for A = 0.508 ¢m (0.2 in.), with N = 10
filaments, 100 filaments, and 200 filaments. The numerical
solutions show that brushes having a greater number of
equispaced filaments yield a correspogding increase in the
resultant force. However, the magnitude of the force oscilla-
tion is associated with the periodic filament release from the
workpart surface S, and therefore remains unchanged. In the
case of a brush system having nonuniform filament distribu-
tion along the circumferential direction, it is anticipated that a
more complex resultant force variation would be obtained.
The magnitude of the filament release force would, never-
theless, remain unchanged.

242/Vol. 111, AUGUST 1989
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Fig. 10 Resultant force ¥ vs. hub position ¢ for various numbers of
filaments N with A = 0.508 ¢cm (0.2 in.)
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Fig. 11 Brush force §/El vs. brush penetration depth A, for t/r, = 0.5,
1.0, and 2.0 with N= 500 filamenis

In Fig. 11, the relationship between resultant force §/EI
and brush penetration depth A is examined for ¢/r, = 0.5,
1.0, and 2.0, with N = 500 filaments. A significant initial gra-
dient is obtained for each response curve; however, as the
displacement of the brush is increased, an essentially linear
relationship between the resultant force and penetration depth
is observed. A departure from this linear relationship would
be anticipated if the filament material follows a nonlinear
stress-strain law, or under a condition of severe deformation,
whereby lateral contact is established between the filament
and the workpart.

Brush stiffness is illustrated in Fig. 12 for penetration depth
0 = A = 0.762 cm (0.3 in.). Evaluation of brush stiffness
K/EI is based upon equation (16) in conjunction with the data
given in Fig. 11. A rapid decline of the initial stiffness is noted
for each of the response curves. At larger penetration depths,
however, an approximately constant brush stiffness is
obtained.

5 Summary and Conclusions

A mechanics-based procedure has been developed for
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Fig. 12 Brush stiffness K/E/ vs. brush penetration depth 4, for t/r, =
0.5, 1.0, and 2.0 with N = 500 filaments

evaluating constrained filament deformation and stiffness
properties of filamentary brushes. Workpart forces developed
within the contact zone are evaluated on the basis of an in-
cremental numerical solution for filament contact with a flat,
smooth surface. A numerical solution obtained on the basis of
the present research is in excellent agreement with the cor-
responding result computed by post-buckling analysis. In ad-
dition, the size of the contact zone is independently computed
by employing large deformation column analysis, and ex-
cellent agreement is obtained with the results predicted by the
incremental solution procedure. The deformed configuration
of the filament is reported to be independent of the flexural
rigidity EI; filament tip force, however, is noted to vary in
direct proportion with the flexural rigidity. Stiffness proper-
ties for wire brush systems are evaluated for several different
geometries by superposing the individual filament-workpart
contact forces.

Journal of Engineering for Industry

An extension of the analytical work is presently being con-
ducted for the purpose of examining the influence of friction
and workpart curvature on filament deformation and brush
stiffness properties. In addition it is recommended that an ex-
perimental research plan be developed which can provide basic
information concerning the range of applicability of the
analytical results presented in this study.
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