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Abstract Our study indicates suspended water films, driven

by crossed square-wave electric fields, may act as ‘‘washers’’,

‘‘centrifuges’’ and ‘‘mixers’’. Based on our recent model

successfully describing experimentally observed electro-

hydrodynamical flows in water films, we derive conditions for

generating specific rotational flows. Our main findings, which

are advantageous for microfluidic devices and basic research,

are as follows: (1) the film’s rotational patterns depend on the

phase difference Du and frequencies f of the applied fields. (2)

For Du ¼ p=2 and f � 10�1 � 100 Hz, the film exhibits

symmetrical reciprocating rotations, i.e. it constitutes a

washer. (3) For Du ¼ 0 and any f, it exhibits an ordinary

anticlockwise (or clockwise) rotation, i.e. it constitutes a

centrifuge or motor. (4) For Du with other values and f below

1 Hz, it exhibits asymmetrical reciprocating rotations, it

constitutes an asymmetrical mixer.

Keywords Electro-hydrodynamical motions �
Suspended water film � Square-wave electric fields �
Rotation of liquid film

1 Introduction

Unique properties of flows in liquid films induced by

electric fields are of great importance in microfluidic

devices (Squires and Quake 2005; El-Ali et al. 2006).

Applied electric fields can produce well-controlled electro-

hydrodynamic (EHD) flows in freely suspended liquid

films (Sonin 1998; Faetti et al. 1983a, b; Morris et al.

1990; Daya et al. 1997; Ramos et al. 1998). Recently,

Shirsavar et al. made an important breakthrough: they

succeeded to induce EHD flows in suspended polar liquid

films, including water at ambient conditions. The flows can

be induced by applying crossed direct current (DC) or

alternating current (AC) electric fields, i.e., insertion of the

film in an external electric field Eext which crosses an

electrolysis field Eel: The latter induces an electrolysis

current density Jel ðJel ¼ cEel; c denotes the conductivity

of the liquid) (Shirsavar et al. 2006, 2011; Amjadi et al.

2008, 2009). Eext and Eel may induce rotational and

vibrational flows. The direction and speed of the rotations

can be controlled by manipulating the direction and

strength of Eext and Eel: These qualities led to the device’s

name ‘‘liquid film motor’’. (In the rest of this paper, we will

refer to a rotating polar liquid film driven by DC or AC

fields, respectively, as DC motor and AC motor.) The main

experimentally observed characteristics of the DC motor

are (Amjadi et al. 2009): (a) For non-vanishing Eext and

Jel; whenever Eext or the electrolysis voltage Uel exceeds a

threshold, the film rotates. The threshold fields obey a

simple scaling relation EextUel ¼ Const: (b) The rotation
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direction obeys a simple right-hand rule Eext � Jel: (c)

Angular velocity measurements show that the region near

the center of the film rotates faster than that near the bor-

der. As to the AC motor, experiments showed that the

fields’ frequencies, magnitudes and the difference in their

phases strongly influence the dynamics of the liquid film:

(a) Whenever, the frequencies of Eext and Uel are exactly

the same, the film may rotate. The phase difference of the

fields and their magnitudes affect the threshold for rotation

and the angular velocities. The dynamical characteristics of

the rotation, measured for frequencies in the range of

50 Hz up to 40 kHz, are the same as those of the DC case.

(b) Fields with different frequencies induce vibrations with

beating frequencies. Such fields do not lead to any rotation.

Notwithstanding experimentally deduced insights that it is

the intrinsic polarity of the liquid that is responsible for gen-

erating the rotational EHD flows, while the edge effects do not

play a significant role, theoreticians attempted to develop a

model based on the edge effects (Shirsavar et al. 2009). Their

model provides a possible explanation for the rotation of the

DC motor. However, in contradiction to experimentally

observed characteristic (c), the rotation starts at the edges. No

report exists on employing the model for describing the AC

motor. Theoreticians also attempted to explain the phenomena

of the liquid film motor by focusing on the action of the

mechanical moments on the liquid (Grosu and Bologa 2010).

This enabled them to study the stationary rotation character-

istics of the DC motor and to clarify its characteristics (b) and

(c), but left characteristic (a) and the phenomena pertaining to

the AC motor unexplained. In two very recent papers, we

presented a model explicitly based on the intrinsic polarity of

the liquids, which successfully explains all the observed char-

acteristics of the DC and AC motors (Liu et al. 2011, 2012b).

The goal of our current article is to derive the dynamics

of suspended polar liquid films, in particular water, when

two crossed square-wave (SW) electric fields, i.e., a SW

Eext and a SW Eel with exactly the same frequencies are

employed to induce EHD flows. This study is inspired by

our recent finding that application of a DC Eext and a SW

Eel to water films leads to EHD motions differing from

those of the DC or AC liquid film motors (Liu et al.

2012a). To the best of our knowledge, neither experimental

nor theoretical investigations of EHD motions in water and

other polar liquid films driven by Eext and Eel; both with

SW functional forms, have been undertaken. We will show

that these SW fields, just as the DC and AC fields, may

induce ordinary rotation. However, our analyses show that

these SW fields have the advantageous additional property

of inducing various reciprocating rotations. In the rest of

this paper, we will refer to a polar liquid film driven by SW

fields as a ‘‘SW liquid film device’’.

As to the importance of our study, we foremost note that

EHD rotations are commonly employed for mixing and

separations in microsystems. As such, our study has important

implications for technological valuable apparatus such as

micro-motors, micro-centrifuge, micro-mixers or drug deliv-

ery devices. Moreover, manipulations of flows in suspended

polar liquid films illuminate their structural aspects. Detailed

knowledge on the structure of such films is significant for

research on the organization of liquid molecules in thin films,

near container walls or biological membranes, e.g., the

exclusion zone water phenomena currently intensively stud-

ied by the group of Prof. G.H. Pollack (Zheng et al. 2006). The

importance of the characteristics of EHD motions studied in

this paper compared with the findings of our previous publi-

cations on DC and AC polar liquid film motors is that it opens

options for enhanced control of flow patterns.

The paper is organized as follows: in Sect. 2, we expand

our model of the DC and AC motors to account for the

specific EHD motions induced by the SW Eext and Eel in

the SW liquid film device. Specifically, we derive the

general equations describing these motions. Their dynam-

ical characteristics are investigated in Sect. 3. Summary

and conclusions are presented in Sect. 4.

2 Model of water and polar liquid films

2.1 Suspended water and polar liquid films

with applied Eext and Eel

In our previous papers, we presented theoretical and experi-

mental evidence for the assumption that a very thin water film

or other polar liquid film in an Eext can be adequately modeled

by a Bingham plastic fluid with an equivalent electric dipole

moment (Liu et al. 2011, 2012b). Since the model is rather

novel and lately additional supporting experimental evidence

has accumulated, we concisely summarize these.

Quantum field theory (QFT) produces a picture of liquids

composed of molecules with a sufficiently strong electric

dipole moment (in the remainder of this paper referred to with

the general term polar liquid, e.g., water or alcohol), as a

mixture of two phases (Del Giudice et al. 1988):

1. A coherent phase made up of coherent domains (CDs).

Quantum electro-dynamic (QED) interactions cause

formation of the CDs. Within a CD, the polar liquid

molecules coherently transit between two rotational

states, oscillating in phase with a coherently condensed

electromagnetic field.

2. A non-coherent phase made up of independent moving

molecules, which are trapped in the interstices among

the CDs. The rotational oscillations of these molecules

are random.

During the past two decades, a series of theoretical and

experimental studies, undertaken by several independent
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research groups, evidenced the properties of the two phases

of polar liquids and their roles in various phenomena (Del

Giudice et al. 1988; Sivasubramanian et al. 2001a, b, 2002,

2003, 2005; Del Giudice and Vitiello 2006; Preparata

1995, 1988; Del Giudice and Preparata 1998; Del Giudice

2007; Emary and Brandes 2003; Apostol 2009; Yinnon and

Yinnon 2009; Huang et al. 2009).

The CDs have an electric dipole moment. The CD’s

diameter typically reaches hundreds of micro-meters (lm)

(Del Giudice et al. 1988, 2010a, b; Sivasubramanian et al.

2005; Del Giudice and Vitiello 2006). In bulk liquid these

domains are oriented randomly, i.e., no net polarization

exists. However, at interfaces, these domains are stabilized

by the boundaries, resulting in a net polarization (Zheng

et al. 2006; Sivasubramanian et al. 2005; Del Giudice and

Vitiello 2006; Del Giudice et al. 1988, 2010a, b). External

electric fields induce these CDs to organize in elongated

super-domains, i.e., long ordered chains of low-entropy

aligned coherent dipolar domains (Del Giudice et al.

2010a; Widom et al. 2009). (In the remainder of this paper,

these chains will be denoted ‘‘super-CD’’.) Such chain

formation of dipolar spheres has also been identified by

other approaches, e.g., integral equation theory in the ref-

erence hypernetted chain approximation, Monte Carlo and

molecular dynamics simulations (Luo et al. 2011; Luo and

Chen 2011). Two-dimensional neutron scattering has evi-

denced formation of such chain-like long-range molecular

ordering within a D2O bridge (Fuchs et al. 2010).

It is well known that polar particle chains are respon-

sible for the unique characteristic of electrorheological

fluids: with the application of an electric field, a Newtonian

fluid instantaneously becomes a Bingham plastic fluid

(Gandhi and Thompson 1992). In regard to the aforemen-

tioned, polar liquid films in an external electric field may

be modeled as a Bingham plastic fluid with an equivalent

dipole moment.

For a Bingham plastic fluid, for a simple shearing flow

u = u(y), the constitutive relation is (Bingham 1916;

Steffe 1996):

ou

oy
¼ 0; ðs\s0Þ
ðs� s0Þ=l; ðs� s0Þ

�
; ð1Þ

where s denotes the shear stress, s0 is the so-called yield

stress, l represents the plastic viscosity and y is the

direction perpendicular to the flow velocity. Equation (1)

indicates that flows occur in the liquid film, i.e., the film

behaves like a fluid, when the shear stress is larger than the

yield stress s0:

For a polar liquid film located in an Eext application of an

electrolysis electric field Eel causing an electric current

induces a torque (Liu et al. 2011). A sufficiently large Eel;

crossing Eext; will impede on the polarization equilibrium.

However, Eel only exists within the liquid film. In contrast

Eext; which plays a dominant role in the polarization, spans

the whole space between two plates of a large parallel-plate

capacitor. The strong correlated motions of the molecules in

the super-CDs imply that it is impossible to touch one

molecule without affecting all others (Preparata 1995, 1988;

Del Giudice and Preparata 1998; Del Giudice 2007; Del

Giudice et al. 2010b). Therefore Eext will rapidly reestablish

the polarization equilibrium. The continuous destructive

effect of Eel on the polarization equilibrium maintained by

Eext creates a torque. (In the remainder of this paper, we

refer to this torque as the ‘‘accelerating torque’’.) In other

words, the continuous competition between the destruction

and the reestablishment of the polarization equilibrium may

induce EHD motions in the liquid film.

The onset of rotation requires that the accelerating

torque exerted on super-CDs is larger than the maximum

static resistance torque arising from the yield stress. The

magnitude of the accelerating torque depends on the

direction and magnitude of the equivalent dipole moment

per unit volume. In very thin films, the CDs are stabilized

by the boundaries and the directions of the torques are

perpendicular to the liquid film. However, in thick films or

bulk liquids, the earlier mentioned absence of stabilization

of the CD dipoles results in randomly oriented torques with

magnitudes which decrease with the thickness of the film.

Therefore, the onset of rotational motion depends on the

thickness of the film. Indeed, experiments have shown that

production of both DC and AC water motors requires films

with a thickness of \1 lm (Amjadi et al. 2009; Shirsavar

et al. 2011).

Since only in sufficiently thin films crossed electric

fields can induce rotations or vibrations, the polar liquid

film can be modeled as a flat (two-dimensional) liquid, i.e.,

it may be assumed that its height h equals 0 (Liu et al.

2011, 2012b).

Based on the experimentally observed stable disk-like

rings structure of the rotating liquid films, i.e., two-

dimensional disks with radius r and width dr, the film may

be modeled as a series of concentric circular disks in a

polar coordinate system ðr; hÞ (Liu et al. 2011, 2012b).

2.2 EHD motions in water and polar liquid films

By applying the rotational form of Newton’s second law to

a single disk of water or other polar liquid films, in Liu

et al. (2011, 2012b), we derived their dynamical equation

in crossed Eext and Eel; i.e.,

ut ¼
l

qr2
ðr2urr þ rur � uÞ þ DðtÞ

qr
; ð0� r�R; t [ 0Þ:

ð2Þ

Here ut denotes the first partial derivative of the linear

velocity uðr; tÞ of the disk’s rotation with respect to
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time t; ur and urr; respectively, represent the first and

the second partial derivative of uðr; tÞ with respect to

radius r; q is the density of the fluid; DðtÞ is the driving

source of the motions of the liquid film at time t, i.e., it

represents the resultant moment exerted on the liquid

film.

To expound the functional form of DðtÞ; derived in

Liu et al. (2011), we let Mam and Mf ; respectively,

symbolize the maximum of the accelerating torque and

the maximum static resistance (drag) torque. When

Mam \ Mf ;DðtÞ ¼ 0; i.e., the film remains static. When

Mam [ Mf ;DðtÞ 6¼ 0 and EHD motions appear in the

film. The instantaneous value of DðtÞ is jBðtÞj � 2s0;

where BðtÞ and �2s0; respectively, represent the accel-

erating torque and the drag torque exerted on the liquid

film. The expression for BðtÞ was derived in Sec. IV of

Liu et al. (2011): BðtÞ ¼ e0ð1� 1=erÞEextðtÞEelðtÞ sin hEJ ;

where e0 and er; respectively, are the dielectric constant

of the vacuum and the relative dielectric constant of the

liquid; EextðtÞ and EelðtÞ; respectively, denote the mag-

nitudes of Eext and Eel at time t. hEJ is the angle between

Eext and Eel (or Jel). In the current paper, we set

hEJ ¼ p=2: Since the resultant torque is perpendicular to

the liquid film, pointing ‘up’ or ‘down’, DðtÞ may be

described by jBðtÞj � 2s0 or �½jBðtÞj � 2s0�: Thus, DðtÞ
reads:

DðtÞ ¼
0; ðjBðtÞj\2s0Þ
BðtÞ � 2s0; ðBðtÞ� 2s0Þ
BðtÞ þ 2s0; ðBðtÞ� � 2s0Þ

8<
: ð3Þ

The second and third equations in Eq. (3) indicate that on

defining jBðtÞjmax as the maximum of jB tð Þj; the inequality

jB tð Þjmax� 2s0 is a criterion for generation of EHD flows in

the liquid film, that is, the equation

jB tð Þjmax ¼ 2s0 ð4Þ

determines the threshold fields required to start the film’s

EHD flows.

To describe the EHD flow of the liquid film, Eq. (2)

must obey two boundary conditions and an initial condi-

tion: the disappearance of the linear velocity at r = 0 and

r = R (where R = l/2 is half of the side-length l of a square

film or the radius of a circle shaped film), and the liquid

film is at rest at t = 0, i.e.,

uðr; tÞjr¼0 ¼ 0; uðr; tÞjr¼R ¼ 0 ð5Þ

and

uðr; tÞjt¼0 ¼ 0: ð6Þ

Equation (2) is a typical diffusion equation with source.

The general solution to it can be deduced by Green

function technique (Courant and Hilbert 1989). It reads

uðr; tÞ ¼
Z t

0

d1
ZR

0

Gðr; t; n; 1Þf ðn; 1Þdn; ð7Þ

where

Gðr; t; n; 1Þ ¼
X1
n¼1

2n

R2J2
0ðjnÞ

J1

jnr

R

� �

� J1

jnn
R

� �
e
�l

q
j2

n
R2ðt�1Þ;

ð8Þ

f ðn; 1Þ ¼ Dð1Þ
qn

: ð9Þ

Here jn denotes the nth zero point of J1ðZÞ ordinary Bessel

function of order one, and J0ðZÞ is ordinary Bessel function

of order zero.

3 Dynamics of SW liquid film devices

We assume EextðtÞ and EelðtÞ have the following SW field

forms, which are plotted in Fig. 1a:

EextðtÞ ¼
Eext; ð0� t\T=2Þ
�Eext; ðT=2� t\TÞ

�
; ð10Þ

and

EelðtÞ ¼
�Eel; ð0� t\t1 or T=2þ t1� t\TÞ
Eel; ðt1� t\T=2þ t1Þ

�
; ð11Þ

where T denote the periods of EextðtÞ and EelðtÞ; t1 is

associated with the phase difference Du between the fields

EextðtÞ and EelðtÞ; i.e., Du ¼ 2pt1=T :

By inserting Eqs. (10) and (11) into the second and third

equations in Eq. (3), we obtain the driving source DðtÞ as a

function of t, which we plot in Fig.1b. This figure shows

that DðtÞ is a function with a period Td ¼ T=2 and

Fig. 1 a Sketch of the crossed SW EextðtÞ and EelðtÞ versus time t; b
sketch of the driving source DðtÞ versus time t. T denote the periods of

EextðtÞ and EelðtÞ; and Td denotes the period of DðtÞ

322 Microfluid Nanofluid (2013) 14:319–328
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DðtÞ ¼ �Ad; ð0� t\t1Þ
Ad; ðt1� t\TdÞ

�
; ð12Þ

where Ad ¼ e0ð1� 1=erÞEextEel sin hEJ � 2s0: A change in

the sign of EextðtÞ or EelðtÞ corresponds to a reversal of the

direction of these fields. Similarly, a change in the sign of

DðtÞ corresponds to a reversal of the direction of the

resultant torque exerted on the film. Equation (12) and

Fig. 1b show that except for two special cases t1 ¼ 0 and

t1 ¼ Td=2; the driving source DðtÞ has a rectangular-wave

form with period Td: For t1 ¼ 0; the driving source DðtÞ
does not change with time; it is constant. For t1 ¼ Td=2; the

driving source DðtÞ has a SW form with period Td:

Recalling the aforementioned criterion Eq. (4) and let-

ting Ad ¼ 0; we obtain that the threshold fields to generate

EHD flows in the SW liquid film device obey the following

scaling relation:

EextUel sin hEJ ¼ 	
2s0l

e0ð1� 1=erÞ
: ð13Þ

Here Uel ¼ Eell is used; l = 2R denotes the side-length of

the electrolysis cell. Equation (13) is the same as the

scaling relation of the threshold fields for the DC motor

(Liu et al. 2011). This indeed is to be expected, because the

magnitudes of the accelerating torques for both the SW

liquid film device and the DC motor are constant.

Since DðtÞ is a periodic function, on defining its period

as Td ¼ 2p=x; its Fourier series expansion is

DðtÞ ¼
X1
m¼0

ðDm cos mxt þ Hm sin mxtÞ; ð14Þ

where coefficients Dm and Hm are

D0 ¼ Adð1� 2t1=TdÞ; Dm ¼ �ð2Ad sin mxt1Þ=mp;

Hm ¼ 2Adðcos mxt1 � 1Þ=mp; m ¼ 1; 2; 3; . . .:

ð15Þ

Using Eqs. (7)–(9), (14) and (15), we have (Liu et al.

2012a, b)

uðr; tÞ ¼
X1
m¼0

X1
n¼1

CnDmJ1

jnr

R

� �
Fm;nðtÞ: ð16Þ

where

Fm;nðtÞ ¼
cos cm;n

cos /m

½cosðmxt � /m � cm;nÞ

� e�ant cosð/m þ cm;nÞ�;
ð17Þ

and

Cn ¼
2R

l
1� J0ðjnÞ
j3

nJ2
0ðjnÞ

; an ¼
l
q

j2
n

R2
; ð18Þ

/m ¼ arctanðHm=DmÞ; cm;n ¼ arctanðmx=anÞ: ð19Þ

The related angular velocity is

xðr; tÞ ¼ uðr; tÞ=r: ð20Þ

Equations (16) and (20) show that the rotation angular

velocity consists of a lot of spatial modes expressed by a

series of functions J1ðjnvÞ=v; v 
 ½0; 1�; n ¼ 1; 2; . . .:

Since J1ðjnvÞ=v is a decreasing function of variable v;
from the mathematical viewpoint one can easily understand

that the particles close to the film’s center are rotating

faster than those far away from it.

3.1 Effects of the phase difference on dynamics of SW

liquid film devices

3.1.1 Effects of the phase difference on dynamics

for t1 ¼ 0

For t1 ¼ 0 (or t1 ¼ Td), i.e., Du ¼ 0 (or Du ¼ p), from

Eq. (15) we have D0 ¼ Ad (or D0 ¼ �AdÞ; Dm ¼ Hm ¼ 0;

m ¼ 1; 2; 3; . . .: Inserting these coefficients into Eq. (16),

we obtain the film’s rotation linear velocity driven by the

in-phase (or anti-phase) SW fields:

uðr; tÞ ¼ D0

X1
n¼1

CnJ1

jnr

R

� �
ð1� e�antÞ; ð21Þ

where Cn and an are given by Eq. (18). Equation (21)

shows that for Du ¼ 0 (or p), the dynamical characteristics

of the SW liquid film device are the same as those of the

DC motor, which is detailed in Sec. IV of Liu et al. (2011),

i.e., for t1 ¼ 0 (or t1 ¼ Td) the SW liquid film device

exhibits a simple anticlockwise (or clockwise) rotation. It

constitutes a centrifuge or motor.

3.1.2 Effects of the phase difference on dynamics

for t1 ¼ Td=2

For t1 ¼ Td=2; i.e., Du ¼ p=2; from Eq. (15) we obtain

D0 ¼ Dm ¼ 0; Hm ¼ 2Ad½ð�1Þm � 1�=mp
(m ¼ 1; 2; 3; . . .). Thus, Eq. (16) becomes

uðr; tÞ ¼
X1
m¼1

X1
n¼1

CnHmJ1

jnr

R

� �
cos cm;n

� ½sinðmxt � cm;nÞ þ e�ant sin cm;n�:
ð22Þ

To illuminate the dynamical characteristics of the SW

liquid film devices for this t1 ¼ Td=2 value, we adopt the

experimental parameters of the exemplary extensively

measured and theoretically investigated DC water film

motor, i.e.: e0 ¼ 8:85� 10�12 F m-1, er ¼ 80; EextUel

sin hEJ ¼ 1:44� 107 V2 m-1, l ¼ 2R ¼ 1:2� 10�2 m,

l ¼ 10�3 Pa s and its derived s0 ¼ 6:77� 10�5 Pa

(Shirsavar et al. 2006, 2011; Amjadi et al. 2008, 2009;
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Liu et al. 2011). Employing Eqs. (21), (22) and these

parameters, we, respectively, plotted the cross-radial

(tangential) velocity profiles for two cases Du ¼ 0 and

Du ¼ p=2 when Td ¼ 2 s (see Fig. 2a, d). Labels 1–9 on

the curves in Fig. 2, respectively, denote nine times:

t1; Td;Td þ t1; n1Td; n1Td þ t1; n2Td; n2Td þ t1; n3Td; n3Tdþ
t1: In Fig. 2a and d, t1 ¼ 1 s and n1 ¼ 2; n2 ¼ 10;

n3 ¼ 100: Figure 1b illustrates that the driving source

changes sign at these chosen times, i.e., the net torque

exerted on the liquid film changes direction at these time.

Thus, the film’s rotation speed reaches its maxima or

minima at these times, i.e., the curves in Fig. 2 draw the

outline of the rotating liquid film at time t.

Figure 2a indicates that for Du ¼ 0; for small t values,

the film’s anticlockwise rotation speed increases and after

about 20 s it stabilizes. In contrast, Fig. 2d shows that for

Du ¼ p=2 the liquid film exhibits a periodic reversal. In

the first half of a period from t = 0 to t ¼ Td=2; the liquid

film rotates clockwise. At t ¼ Td=2 the rotation speed of

the liquid film is a minimum (see curve 1 in Fig. 2d),

because the net torque exerted on the liquid film changes

sign when the direction of the electric field reverses. In the

next half of a period the film will rotate anticlockwise and

its speed reaches a maximum at t ¼ Td; see curve 2 in Fig.

2d. In the interval from t ¼ Td to t ¼ 3Td=2; the film

rotates clockwise once again. The repetitive changes in the

direction of the rotations and the vanishing of the transient

process characterized by terms with e�ant in Eq. (22), for

sufficiently large t, lead the film to exhibit a symmetrical

reciprocating rotation. In other words, for these conditions,

the SW liquid film device constitutes a washing machine.

As derived in Liu et al. (2012a), similar symmetrical

reciprocating rotations can be produced by applying DC

Eext and SW Eel fields to polar liquid films.

Some features, for which future direct experimental

verification will provide additional support for our model,

hide behind the above derived symmetrical reciprocating

rotation of the liquid film. The features also appears when

Eext and Eel; respectively, have a DC and SW shape (Liu

et al. 2012a). To elucidate it, in Fig. 3 we plot for a film in

applied SW Eel and SW Eext the tangential velocity profiles

versus radius for six times in a half a period from t = 20.0 s

to t = 21.0 s. A similar plot for a film in an applied SW Eel

and DC Eext is presented in Fig. 3 of Liu et al. (2012a).

Curves labeled 6 and 7 in Fig. 3 (of our current paper) are

the same as those with the same labels in Fig. 2d. Figure 3

shows that particles near the center of the liquid film reverse

their direction earlier (see curve a) than those farther away

from the center (see curve b). Ultimately, the whole liquid

film rotates clockwise (see curves c, d and 7). These theo-

retically derived rotational characteristics are the same as

those experimentally observed for the DC motors. Experi-

mentalists have observed the reversal characteristics of the

DC motor by intermittently changing the direction of Eel

while keeping Eext constant. According to the experimental

videos available on http://www.softmatter.cscm.ir/Film

Motor/, immediately after application of electric fields,

the rotating spiral curves emerging near the center of the

Fig. 2 Tangential velocity

profiles versus radius r (in units

of R) for nine times t, defined in

the text and symbolized with

numbers within rectangles. a–d
Several phase difference: for

Du ¼ 0; the liquid rotates

anticlockwise; for Du ¼ p=2;
it exhibits a symmetrical

reciprocating rotation; for

0 \Du\p/2, it presents an

asymmetrical reciprocating

rotation
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films indicate that the region near the center of the film

rotates faster than the more outward lying regions. Video 8

shows that on the passage of time, the spiral-like rotation

curves first spread all over the film and subsequently dis-

appear. In the steady state only circled rotation curves cover

the film. Video 2 shows that immediately after the reversal

of the electrolysis field Eel; the color change of the central

area of the film is significantly faster than that of the sur-

rounding area. The correspondence between these rotational

characteristics of the SW liquid film devices and the

experimental DC motor support our theoretical predictions.

However, further detailed experiments, involving applied

SW fields to polar liquid films, are required for ultimate

verification of these predictions.

3.1.3 Effects of the phase difference on dynamics

for 0 \ t1 \ Td/2

For 0 \ t1 \ Td=2; i.e., 0 \ Du \ p=2; on employing Eqs.

(15) and (16) and the same parameters as in Fig. 2a and d,

we plot in Fig. 2b and c the tangential velocity profiles

versus radius, respectively, for Du ¼ p=6 and Du ¼ p=3 at

the nine typical times mentioned above with t1 ¼ 1=3 s in

Fig. 2b and t1 ¼ 2=3 s in Fig. 2c. Figure 2b and c show

that after lots of repetitive reversals, the liquid film ulti-

mately exhibits an asymmetrical reciprocating rotation. In

other words, the SW liquid film device constitutes a mixer.

Curves 7 and 9 in Fig. 2b and c predict that the region near

the center of the film and that near the border may rotate in

opposite directions. Figure 2b–d show that the reversal

area close to the center increases with Du and for

Du ¼ p=2; the reversal region extends all over the film.

Asymmetrical reciprocating rotations have not yet been

identified for any of the polar liquid film devices studied in

previous publications, i.e., the DC and AC liquid film

motors or films in applied DC Eext and SW Eel: Accord-

ingly, the current section findings indicate that devices

composed of polar liquid films with applied SW Eext and

SW Eel have a technologically advantageous property,

which is not yet known to exist in other devices.

The results derived in Sects. 3.1.1–3.1.3 can be sum-

marized as follows: when the frequency fd of the driving

source is small (e.g., Td ¼ 1=fd ¼ 2 s, as chosen above),

the liquid film exhibits three rotational patterns for differ-

ent Du: an ordinary clockwise rotation (Du ¼ 0) or an

ordinary anticlockwise rotation (Du ¼ p), a symmetrical

reciprocating rotation (Du ¼ p=2) and an asymmetrical

reciprocating rotation (0 \ Du \ p=2). These rotations,

respectively, enable the polar liquid (water) film driven by

the SW fields to be a centrifuge, the smallest washing

machine or a liquid film mixer.

3.2 Effects of the fields’ frequencies on dynamics

of SW liquid film devices

For Du ¼ 0; from Eq. (21) we see that the dynamical

characteristics are independent of the field’s frequency

f = 1/T.

Fig. 4 Tangential velocity profiles versus radius r (in units of R) at nine

times (defined in the text) when the film is driven by SW fields with

phase difference Du ¼ p=2 and frequencies: a f ¼ fd=2 ¼ 50 Hz; b
f ¼ fd=2 ¼ 5 kHz. The inset in b exhibits the outline of the tangential

velocity profiles of the whole liquid film, i.e., 0 � r=R � 1

Fig. 3 Tangential velocity profiles versus radius r (in units of R) for

six times in an interval from t = 20.0 s to t = 21.0 s
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3.2.1 Effects of the fields’ frequencies on dynamics

for Du ¼ p=2

For Du ¼ p=2; in Fig. 4a and b, respectively, we plot

tangential velocity profiles of the liquid film device

driven by SW Eext and SW Eel leading to driving sources

with frequencies fd ¼ 102 Hz (Td ¼ 1� 10�2 s) and

fd ¼ 104 Hz (Td ¼ 1� 10�4 s). Labels 1–9 on the curves in

Fig. 4, respectively, denote nine typical times: t1; Td; Td þ
t1; n1Td; n1Td þ t1; n2Td; n2Td þ t1; n3Td; n3Td þ t1; where

t1 ¼ Td=2; n1 ¼ 2fd; n2 ¼ 4fd; n3 ¼ 20fd: Other parameters

used in plotting Fig. 4 are the same as those used to

compute Fig. 2. Comparing Figs. 2d with 4, one finds that

as fd increases the liquid film exhibits similar dynamical

characteristics to those shown in Fig. 2d. However, with

increasing fd: the rotation speed decreases rapidly (from

mm/s to lm/s); only particles near the center of the film

can reverse their rotational direction with the change of the

sign of the applied electric fields; particles in outward

laying regions almost do not move (see Fig. 4b and its

inset). Similar features were observed for polar liquid films

with applied DC Eext and SW Eel (Liu et al. 2012a).

Concerning these effects of increments in fd; it is worth

citing a result experimentally observed and theoretically

derived, respectively, in Amjadi et al. (2009) and Liu et al.

(2012b). The AC motor only vibrates in crossed cosine AC

fields with different frequencies. From the above analysis,

we infer that the origin and nature of the vibration of the

liquid film is the high-frequency symmetric reciprocating

rotation of the center region of the liquid film. This con-

jecture remains to be verified by further experiments.

3.2.2 Effects of the fields’ frequencies on dynamics

for 0 \ Du \ p=2

For 0 \ Du \ p=2 and relatively high fd (f � 50 Hz), our

computations show that the EHD flows do not vary

strongly with fd: Taking f ¼ fd=2 ¼ 50 Hz as an example,

we, respectively, plot the tangential velocity profiles

in Fig. 5 for two cases: Du ¼ p=6ðt1 ¼ Td=6Þ and

Du ¼ p=3ðt1 ¼ Td=3Þ. Labels 1–9 on the curves in Fig. 5,

respectively, denote nine typical times: t1; Td; Td þ
t1; n1Td; n1Td þ t1; n2Td; n2Td þ t1; n3Td; n3Td þ t1; where

n1 ¼ 2fd; n2 ¼ 4fd; n3 ¼ 20fd: By comparing Figs. 2b and c

with 5, one discerns that (1) as fd increases, at first the film

exhibits an asymmetrical rotation (see the insets in Fig. 5),

but ultimately the whole liquid film exhibits a simple

anticlockwise rotation and that (2) the stable rotation speed

diminishes with increasing phase difference Du; as can be

learned from the maxima of curves 8 and 9 for Du ¼ p=6

which are greater than those of the corresponding curves

for Du ¼ p=3: To expose the causes underlying these

findings, we analyze the relation between the driving

source DðtÞ and the mean value of the stable rotation

velocity uðr; tÞ of the liquid film. Since the transient state

process vanishes for sufficient long time, we only consider

uðr; tÞ without the transient-state terms, i.e., Eq. (16)

becomes

uðr; tÞ ¼ D0

2l
r ln

R

r
þ
X1
m¼1

X1
n¼1

CnDmJ1

jnr

R

� �

�
cos cm;n

cos /m

cosðmxt � cm;n � /mÞ:
ð23Þ

From Eq. (23) we obtain the average linear velocity over a

period Td; i.e.,

uðr; tÞ ¼ D
2l

r ln
R

r
; ð24Þ

where D ¼ D0 ¼ Ad 1� 2Du=pð Þ: Equation (24) helps us

to understand the proportional relationship among the

maxima of the curves 8 and 9 in Figs. 2a and 5. When

Du ¼ 0; p=6 or p=3;D; respectively, equals Ad; 2Ad=3 and

Ad=3; and the associated maxima of the stable rotation

speeds are, respectively, 4.8, 3.2 and 1.6 mm/s. When

Du ¼ p=2;D ¼ 0 and uðr; tÞ ¼ 0: It is well known that the

mean value of the velocity of a particle undergoing simple

harmonic motion is zero. Accordingly, the symmetrical

reciprocating rotation may be considered as a generalized

Fig. 5 Tangential velocity profiles versus radius r (in units of R) at

nine typical times (defined in the text) for two different phase

difference. a Du ¼ p=6; b Du ¼ p=3: In both cases, the frequencies

of the SW electric fields are f ¼ fd=2 ¼ 50 Hz. The insets are the

enlarged graphs which illustrate curves 1, 2 and 3
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two-dimensional simple harmonic motion of the liquid

film. When f is sufficiently large, such a rotation exhibits

itself as a vibration of the film.

Above we analyzed the dynamical characteristics of the

SW liquid film device for Du 
 ½0; p=2�: The associated

study method and results can be generalized to Du 

½0; 2p�: The main results are summarized in Fig. 6, which

presents the phase graph of the rotation mode of the SW

liquid film device.

4 Summary and conclusions

EHD rotations of suspended polar liquid (water) films,

induced by applied SW electric fields, i.e., a SW Eext and a

SW Eel; are investigated by analytical derivation of their

linear and angular velocity patterns. The investigation and

in particular the phase graph of the rotational patterns,

presented in Fig. 6, show that the films’ EHD motions

depend on the phase difference Du; the frequency f, and

the magnitudes of the SW electric fields:

1. For Du ¼ 0 (or p), simple anticlockwise (or clockwise)

rotations may be induced, i.e., polar liquid films consti-

tutes a centrifuge. Their speeds are independent of f.

2. For Du ¼ p=2 (or 3p=2), a symmetrical reciprocating

rotation may be induced, i.e., the polar liquid film

constitutes a washing machine. On increasing f above a

liquid specific transition value, a change from rotation

to vibration takes place.

3. For Du with values differing from those mentioned in

the previous paragraphs (1) and (2) and for f of about

0.1–1 Hz, an asymmetrical reciprocating rotation may

be induced, with the region near the center of the film

and the region near the border rotating in opposite

directions, i.e., the polar liquid film constitutes a

mixer. For f above a liquid specific value, typical

*1 Hz, a simple anticlockwise (see region I in Fig. 6)

[or clockwise (see region II in Fig. 6)] rotation may be

induced.

As to potential refinements of our liquid film model, we

note that inclusion of mass transfer between the circular

disks may be desirable for fine-tuning values of f and

magnitudes of Eext and Eel required to induce the various

rotations. A future study, examining such mass transfer in

reciprocating rotations might also illuminate the fluid nat-

ure of the film.

The main contributions of this paper’s analyses of SW

water and polar liquid film devices are

1. Identification of new types of EHD flows in water and

polar liquid films, which have significant technological

potential.

2. Identification of an additional technique for studying

water and polar liquid films. With the dependence of

the rotational modes of the SW polar liquid film device

on the phase difference Du; the frequency f and the

magnitudes of the SW electric fields, the device can be

employed to extract information on the structure and

dynamics of its liquid film.

3. Complementarity and reinforcement of our previous

consistent successful explanations of characteristics of

the AC water film motor, e.g., the finding in Sect. 3.2.1

that the origin and nature of the vibration of the AC

motor’s liquid film is the high-frequency symmetric

reciprocating rotation of the center region of the liquid

film.

The results derived in this paper have yet to be experi-

mentally verified. Our model’s recent successes, pertaining

to explanation of the experimentally identified character-

istics of the closely related polar liquid films with applied

DC and AC electric fields, suggests verification of this

paper’s findings is a worthwhile project. Verification of our

predictions will (a) provide additional tools for researching

the structure and dynamics of polar liquid (water) films in

applied electric fields, (b) will provide additional support

for the assumption that a polar (water) film in an applied

Eext behaves as a Bingham plastic fluid and (c) widen the

scope of research on water films with potential important

technological applications, e.g., micro-washing machines,

centrifuges, mixers.

Fig. 6 The phase graph of the rotation modes of the SW liquid film

device. The circles with one arrow denote a simple rotation (an

anticlockwise rotation or a clockwise rotation) of the film. The circles
with two or three arrows, respectively, denote a symmetric recipro-

cating or an asymmetric reciprocating rotation of the film. The short line
with two opposite directed arrows represents the vibration of the liquid

film. The three upward solid arrows exhibit that for Du ¼ 0; p and 2p; an

ordinary anticlockwise or clockwise rotation is independent of f. The two
dashed light blue arrows indicate that for Du ¼ p=2 (or 3p=2), a

symmetric reciprocating rotation converts to a vibration as f increases.

Region I shows that for 0 \Du\p=2 and 3p=2 \Du \ 2p; an

asymmetric rotation converts to an ordinary anticlockwise rotation

when f increases. Region II shows that for p=2 \Du\p and

p\ Du \ 3p=2; an asymmetric rotation converts to an ordinary

clockwise rotation when f increases (colour figure online)
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