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Behavior of spherical particles suspended in fluids is of fundamental importance in prob-
lems involving settling, flow through packed beds, fluidization, and pneumatic conveying.
In the investigations reported in these papers, uniform spherical particles are employed as an

idealization of the systems found in practice.

The following study is a mathematical treat~

ment of the motion of a single sphere along the axis of a cylinder through which a viscous
fluid is also moving. General expressions are derived for the force exerted on the sphere and
the pressure drop experienced by the fluid. The application of these relationships to similar

problems involved in assemblages of spherical particles is discussed.

A simple relationshipis

derived for pressure drop through very dilute systems.

TUDIES described in these papers are part of a long range
program that has as its ultimate objective a fundamental solu-
tion of the hydrodynamic relationships underlying low Reyn-
olds number phenomena such as fluidization and sedimentation.
These operations are often carried out in the Reynolds number
range (based on particle diameter) of 5 or less and, as such, are
amenable to mathematical treatment employing the hydrody-
namic equations which describe the so-called creeping motion
encountered at low Reynolds numbers.

In this case, as in most engineering applications, it is expedient
to conceive simple models of the flow which lend themselves to
analytical treatment but which, at the same time, furnish infor-
mation of value concerning the more complex flow patterns en-
countered in practice. For these reasons, the sequence of theo-
retical investigations is supplemented by a corresponding se-
quence of experimental studies designed to justify the choice
of idealized models and provide a source of data for verification
of the results., In this manner, it is hoped to carry out a system-
atic study of the major variables encountered in the field of
fluid-solids dynamics at low Reynolds numbers and thereby con-
tribute to a greater understanding of such phenomena.

Mathematical analysis is difficult even in the case of a single
particle, and further complications arise with assemblages of
particles (6). Aslogical start toward solving some of the problems
involved, a study of the influence of boundary proximity on
the motion of a single sphere is described in this paper.

A theoretical interpretation of the phenomens of fluidization
and hindered settling is usually complicated by factors such as
particle agitation and rotation, mutual collision of the particles,
interparticle bridging and, in general, a failure of the system to
attain a steady state. The experimental investigation described
in an accompanying paper (?) attempts to justify the choice of
a fixed, cubical assemblage of uniform, spherical particles as an
idealizing model of fluidized and sedimenting systems. This
was accomplished by comparing the experimental data obtained
on a series of fixed, cubic assemblages with the fluidization and
sedimentation data of other investigators at equal values of the
(particle) Reynolds number and fractional void volume.

1 Present address, Walter Kidde Nuclear Laboratories, Garden City, N. Y.
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SINGLE SPHERE PROBLEM

In order to determine the magnitude of the effect of boundary
proximity on the behavior of a spherical particle, a eylindrical
boundary was selected. This choice was made because a cylin-
drical boundary can completely surround the fluid stream parallel
to the direction of flow,

Relationships are developed for the general case of motion of
a sphere along the longitudinal axis of a cylinder, through which
fluid may also be moving. Expressions are given for both the
resistance of the sphere and pressure drop caused by its presence.
The equations are rigorous for the case of slow motion, in which
the inertia terms of the equations of motion can be neglected.
Hydrostatic and gravitational fields are not considered in the
present solution. Approximations based on single sphere be-
havior, are derived for the case of dilute assemblages of particles,

To date, studies of the pattern of motion caused by a sphere
moving through a fluid with a cylindrical boundary have been
confined mostly to the case where the fluid itself is not initially
in motion. MecNown (10) recently published a survey of mathe-
matical treatments in this field, together with some new experi-
mental data at Reynolds numbers above the point where iner-
tial effects are negligible. Ladenburg (8), in & theoretical study,
derived an approximate expression for the effect of a cylindrical
boundary on the behavior of a spherical particle falling in a
quiescent fluid. Faxen (4), using somewhat the same method of
derivation, extended the accuracy and corrected a numerical
error in Ladenburg’s treatment.

A very recent investigation by Wakiya (14) along similar
lines treated the case of a stationary spherical obstacle in the
flow of a viscous fluid through a tube. The work reported in
this paper was completed before this study became available
and furnishes independent confirmation of the results of Faxen
and Wakiya by a different computation procedure as well as
extension to the general case where both fluid and sphere move
simultaneously, which is particularly relevant in the case of
fluidization.

THEORETICAL DERIVATION

The basic equations which must be satisfied by the fluid are
the continuity equation and the Stokes-Navier equations,
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from which the inertial terms have been discarded. For con-
venience, the origin of the coordinate system is taken at the center
of the sphere. Cylindrical coordinates have been chosen to
represent these equations because of the symmetry of the velocity
field about the longitudinal axis of the cylinder. For the case
of an incompressible fluid at steady state, when both the velocity
of the fluid and sphere are low, the continuity and Stokes-
Navier equations are

ou , 1 o(Ruwr) _
02X TR oR 0 (1)
1P 2w 1 2 ou
L% “ox: TR ok (R a%) 2
1 0P Q%R 1 0 e\ _ vr
OB T ox: TR (R aR> R @)

The threc boundary conditions which must be satisfied are:

At the surface of the sphere of radius a, where r? = o = X? 4

R2, there is no relative motion of fluid and sphere; hence,
u =10 (4)
g =0 (5)

At the cylinder wall where B = Ry, since there is no motion
of the fluid with respect to the wall

u+U =0 (6)

(7

At large distances from the sphere where X = = e, in the ab-
sence of the disturbing influence of the sphere, the field must be

?)R'—’O

parabolic
. R\?
u+U=L0[1—(§O)] (8a)
—i.e.,
w =1y = (Uy— U) — BR? (8)
and
vr = (vl = 0 (M

Thus, the simultaneous solution of equations 1, 2, and 3 for
WX, R),o(X,R),and P(X,R) intheregion(0< X € wand 0SR<R,,
subject to the restrictions imposed by the boundary conditions
of Equations 4 to 9, is required.

A technique for the approximate solution of a similar problem
has been demonstrated by Ladenburg (8) and is termed the
“method of reflections.” Application of the technique consists
of decomposing the velocity and pressure fields into a number of

parts
u = E wy o= Uy + u + U +oup + . (10)
=0
vp = (vr); = (vr)o — (ve) + (v&): + (v + (11)
j=0
P = E Pj=Py+ P+ P, + P + (12)
Jj=0
in such a manner that each combination of terms u;, (vg);, P;,

is a particular solution of Equations 1, 2, and 3. Further,
these particular solutions are so chosen that the following bound-
ary conditions—applicable to the appropriate terms in Equa-
tions 10 and 1l—are satisfied:

Atr = g, us = —uo, (V)1 = —(Vr) (13)
At R = Ro, Uy = —=Us, (UR)Z = _(vR)l (14)
Atr = a,us = ~uy, (vpk = —(vg): (15)
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At R = Ry, us = —ug, () = ~ (&) (16)
ete.
and at X = =%,
u; = 0, forallj =0 (17)
(vr); = 0, for all j (18)

By utilizing these conditions, if the series represented by Equa-
tions 10 and 11 are cut off at any point, corresponding to an
arbitrary degree of approximation, the original boundary condi-
tions of Equations 5, 7, 8 and 9 will always be satisfied. In
addition, Equation 4 will be satisfied if the seriesfor « contains an
even number of terms, while Equation 6 will be satisfied by an
odd number of terms.

u;, (vg); represents the ‘“reflection” of the initial parabolic
field, uo, (vr)o, by the sphere. wuy, (vg): represents the reflection
of w, (vg): at the cylinder wall. wu;, (vg); represents the reflec-
tion of us, (vg): by the sphere. This process can be repeated
indefinitely until the contribution of succeeding terms to w is
sufficiently small that the error introduced by the failure of a
finite series exactly to satisfy either Equation 4 or 6 is vanishingly
small,

Because of the symmetry of the velocity fields about the X-
and R-axes, certain checks are available on the w; and (vg);
terms. Most notably, u; must be an even function of both X
and R, whereas (vz); must be an odd function of both X and R.

Simha (11), using the general solution of the continuity and
Stokes-Navier equations available in terms of spherical harmon-
ics (9), has determined the first reflection to be

R < B 3y
Uy = ((o b)a[ ar ] +(L (/ [ 473+ 4?05:] +
1 1 9X? 35X+
Bas[‘z? zrs]JfB"["ﬂ, TR
3 15X2 35X+
ek = (Uy — Ula [ X+ v [SRX] - Ba s[ ] +
11RX 35RX® 15 RX 35 RX3
5 << I
Ba [ & 87 ] + Ba I: 8o :] (20)
Pr_ =3(Us — U)X | Ba’X | 21Bg3X  35BaiX:? 21)
wo 273 T 4% 47 (

Ladenburg has shown the next reflected field must satisfy the
following relations:

iINR

p = 2 m[_
2_7r0 2

(vgr) = g/. [%E (H +iG) Jy (izR) — GJl('z'AR):l sin AX dx
TJO
(23)

(H + iG)J(\R) + H JO(M)] cos X dx
(22)

Pq 2

;ﬁ NH + 1G) Jo(iAR) sin 2 X dr (24

H®

The functions, H and G, are independent of R and X and de-
pend only on the parameter, \. They must be evaluated from
the boundary conditions of Equation 14. In order to bring the
boundary conditions into the same coordinate system as Equa-
tions 22 and 23, Equations 19 and 20 must be expressed as in-
tegrals analogous to Equations 22 and 23. This is done by mak-
ing use of the Bessel function integral of 1/»

1_2 / Ky(iNR)cos AXdA
T T 0

(23)
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By repeated partial differentiation with respect to X and R,
Equation 25 can be used to express all of the functions in Equa-
tions 19 and 20 as integrals. For example,

R d (1
+27~8=’+2a1!z ?)‘

f ]:KO(MR) DR Kl(sz)] cos AXdx  (26)

3 15X* | 35X* _ o (1) _

8r% 497 8% oX¢

zf [14 KO(;')\R):1 cos AXdx (27)
T Jo 24

The Bessel functions, Ko(/AR) and K (¢AR) are related by the
equation

2 Ki(idR) = —Ei(MR) (28)
Equations 19 and 20 take the form

u = gf Meos AXdN - (29)

Jo
(veh = f Nsin AXdr (30)
0
— —- U To — U)A2g?

where M =[ 3<U°2 Uda _ (Us 40) @

Bas + Bain? + Ba’)\‘*] Ko(iNR) —

—3(Uy = U)a\R
4

3y 5
+ Bazz)\R + 7Ba A R:l K(R)  (31)

—3(U, — U)aAR
2

Bas)\R

4 Badrk 4Ba5>\R

and N = ] Ky(i\R) —

—(Uy = Uyain® | 10Babin?
) 24

Bd’ “‘] K(\R) (32)

By applying the boundary conditions at B = R, from Equations
22 and 23,

M1 gep, = 50 (H + iG)(NR) — HI(MRy)  (33)
(Mpep = ~ ”‘7" (H + iG)To(ARe) + GTi(NR))  (34)

By substituting B = R, in Equations 81 and 32, equating Equa-
tion 31 to 33, and Equation 32 to 34, H and G are obtained by
golving the two resulting equations simultaneously. For sim-
plicity, the substitution, @ = AR,, has been made.

~ Ulala?

Ko (U, _
H = [J.U (3{U0— U} o + LRl

Batat _ Ba7a4)] _
R: 24 R}

1 [(B10s Ve _ o _7perery
T4 g2 — 2{0.]1 4 2 24R?

Ba? —

(104
_J_l_ (3{Uo — Ula + {Uy — Ulada? _
Fado 2 iR:
Bdaba?  Bd'a!
Be = T - Bik) ] @9
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. Ko {Ug — Ulada? |, 5Bdbat Ba’ “):I
6= ( 4Rz 12R2 +
1 [(3{U0—U}a_{UO-—U}a _ Ba
2
P 2{.21‘1 4 3R} 2
5Ba? _ 7Bdfa? Ba’a"’) +
6E2 ~ 24R:  12k:
Ji (_ {Us — Ula®a? | 5Baba? Baa )] (36)
WA iRe 127 T %aks

For simplicity, the arguments of the Bessel functions have been
dropped in the above equations.

Jo = Jo (ie) (37)
Ji = J1 (i) (38)
Ky = Ko (ia) (39)
K, = K (ia) (40)
Use has been made of the identity
JoKy ~ TiKy = + (41)

Substitution of H and G in Equations 22 and 23, followed by
subsequent integration, yields the desired result for the velocity
field “‘reflected” by the cylinder wall. The complex nature of
1

T3+ T2~

does not permit the integrals to be obtained in closed form.
For this reason it is expedient to expand these functions by their
infinite series representations. When the sphere diameter is
small compared to that of the cylinder, in the neighborhood of the

certain of the functions to be integrated-—e.g., ST
/1
T

sphere—i.e., for go ~— 0 and %ﬂ -0
. . R «?R?
Jo (’I/)\R) = Jo (’L(X E}) =1 m (42)
) . R 1aR
Ji(AAR) = J; (m H>> = 5%, -+ (43)
aX a?X?
cos M X = cos (R_o) =1- oRE + (44)
. . faX aX
sm>\X—sm<~R;>—E+.... (45)
Substitution in Equations 22 and 23 gives
2 *© 2]’32 2
W-mﬁ:[} 5] e
2R? ® Qo 2X¢ —Ha
—7;—1%—3 ﬁ [T] da WR” / [ dot + .....
(46)
\ 2RX H 2R3X ® FHat
(?13)2=ﬁe§f l: a] oz‘f" j)‘ l:——sg-]da-l-....
(47)

(vr): is an odd function with respect to X. Any integration
over the sphere of the viscous stresses caused by this field will be
equal to zero. Therefore, (vg): will not receive any further con-

sideration. At the surface of the sphere, a2 = 72 = B2 4 X?
2 2q?
[te]rma = o) 0 H o — Aﬁa Hcv2 da

da + .. (48)

_ax wwd+w_”mw
B3 0 2 « wR3 0 4
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o o«
The numerical integrals,\A\ Hda; \/)‘ Holde; ete., can

be broken down into integrals which have been evaluated by
Faxen (4). These constants were also re-evaluated in the pres-
ent investigation and result in the following equations in which
numerical values are close to those of Faxen.

(gl rma = 2. lOo %, (U = U) = Ba®) ~

U - U] —0138(1}i [Us

2.179 Rs{ 75

- U] +. (49)

In order to obtain the next reflection Equation 15, at r = a,
Uy = —ug; (vg)s = —(vr), would be used.

However, [usl,—q is a parabolic field analogous to [ugly-a.
Therefore, us, (vg); bear the same relation to [w],—, as
w1, {ve)i bear to [uglr~s It is, therefore, easily possible to
repeat the reflection technique indefinitely until the magnitude
of the reflected fields becomes insignificant.

Simha (11) has determined the frictional resistance, W, of the
sphere due to the initial parabolic field and the first reflection.

Wo + Wy = 6rua(Us — U) — 47uBa? (50)
From Equation 49

7+ We = 6mualUs — U) [2 105 & ~ 2.087 RJ

4mpBa® [:2 105 E] (51

If the procedure is repeated for higher order reflections, the sum
of the geometric series obtained is

Orua(Uy — U) — 47uBa®

3
[1 - 2105( ) + 2087 (RS)]
If there is no motion of the sphere with respect to the wall,
U = 0and
. 2 ?
omsata[1 = 2 (2]

[1 - 2100( > + 2.087 <R0>sj|

The reflected pressure, P,, can be obtained by substitution in
Equation 24. At the wall, R = R, and

2 3V — e s _ TBa®\?
= A L 2 Ba 12

W=
(52)

W = (53)

MK (DNRy) sin NX dA

Ji(IAR) sin A XdN

If the higher order reflections are taken into account

[Rg Pz’:l
e X =

6a(Ty — ) <1

_2N i 5@?)
3R> + Ba <1 3R2)

F " (56)
— 2. lOo + 2.087 R
Now, AP' = [Plly o _o = Py o o
Therefore,
. . 2a ; 5a?
, [IQQ(LO - L)(l —37RE> - Sde(l et §Eg>] o
AP = 4 (57)

2100—— +208/R]

If F is designated as the total force required to maintain flow,
F = (AP')(«xR%), in addition to that required to maintain
normal Poiseuille flow, and powers of a/R, above the third are
neglected, the following expression relates F and W

ol 2(a)?
Peavi-5(z) ]

‘When there is no motion of the sphere with respect to the wall,

U=0
4 g2 10a
“3R: T ‘9?2]

R [1—2105R +208‘]§§]

(58)

12@1;0[
AP =

(59)

FORCE ACTING ON SPHERE

Equation 52 can be applied to any situation where it is desired
to predict the force exerted on the sphere alone, If, as is the
case in sedimentation problems, the force acting on the sphere is
balanced by the action of gravity, the sphere will attain a con-
stant terminal velocity corresponding to the equalization of the
drag force exerted by fluid motion and the gravitational {orce
corrected for buoyancy. For cases of viscous flow, the correc-
tion applicable to terminal settling velocity is thus the same
magnitude as that for drag force as evaluated above.

In the ideal case, with a sphere falling at a uniform speed
through a stationary fluid extending to infinity or with the same
fluid moving at uniform velocity past a stationary sphere, the
familiar Stokes’ law applies. Table I gives the effect of a cylin-
drical boundary on the force exerted on
a sphere for the limiting cases—sta~

2 o |_§( Uy —U)a s _ Ba™\?
+= ﬁ L 2 Bat =713

5Ba’

iRy I:Jg(ixRo) - TR —

)\Jo(l)\Ro) sin )\Xd)\

tionary fluid, Uy = 0; stationary sphere,
U = O; no slip velocity, U = U (the
glip velocity is defined as Uy ~ U).

For values of ¢/Ry; > 0.3 it would be

2JoJ. 1]
DY

[ =(Us = U)ad | Bax?
2 e o

2R2 - 12R2

The first term of Equation 54 is equal to —P;/u. To find the
effect of the sphere on the pressure drop in the tube, P; must be
evaluated at & great distance from the sphere.

Evaluation of Equation 54 at X = =  is accomplished by ex-
panding the Bessel functions in series, It is found that, with

the limits taken, all the terms in these series vanish except those

sin )\Y a

invelving the integral of ——— T and the integrations can be

performed exactly to give the following result., Evaluation

of Equation 54 at X = == = yields

6a(Us — TU7) (1

[Jg(zfoo) L JHiINRY) —

2q? Sal?
éﬁ) - 48 (1 - ’3732) (55)

necessary to employ terms with higher
powers than those in (a/&0)® appearing
in Equation 52. For the case of a
sphere falling in a stationary fluid, avail-
able experimental data (I, 5, 10) indicate good agreement with
Table I.

Faxen (4) and Wakiya (14) carry the approximation for a
stationary fluid to (a/Re)®. If their formula is applied to the
case for a/Ry = 0.5, a value for the correction factor roughly 10%
higher than experimental values of McNown (10} and Francis (5}
is obtained. It seems likely that convergence is not so satis-
factory as higher ratios of a/R, are involved.

The negative signs in the second and fourth col-
umns of Table I indicate a force on the sphere oppo-
site to the direction taken as positive for either fluid

2J0J1:] (54)
?T)\Rg

P,+P2:] B 3Rz
[ M X’=iw_:F Rg
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or sphere, Thus, if a sphere moves upward in a
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Table |. Comparison of Force Exerted on a Sphere with
Stokes’ Law Resistance
Stationary Stationary
Fluid Sphere Zero Slip
w _w A,

a/Rs —Grual Bruals —6mualo
0.005 1.01 1.01
0.01 1.02 1.02 e
0.05 1.12 1.12
0.10 1.26 1.25 0.008
0.20 1.68 1.63 0.045
0.30 2.36 2.22 0.142

stationary fluid the force exerted on it will be downward. At
values of a/R, less than 0.1, the magnitude of the correction to
Stokes’ law is the same whether the sphere or fluid moves.
Above a/R, = 0.1, terms in a/R, of higher power become sig-
nificant, and there is an appreciable difference in resistance
whether the fluid or the sphere remains stationary.

The case for zero slip indicates no significant force on the
sphere until g/R, exceeds 0.1. At higher values of a/Rq, zero
slip is possible only if an additional force is applied to the sphere
in the same direction as the motion, Us = U. Thus, if flow is
upward and gravity supplies the external force, the particle must
have a specific gravity lower than that of the surrounding fluid.

For the case where W = 0—-i.e., fluid and sphere of the same

specific gravity
= -5 (&)
U T 3\Ro

and for a/R, = 0.3, —UO——(;—D X 100 = 6% slip, referred to the
axial velocity of sphere and undisturbed fluid, This slip ve-
locity is due to the fact that the sphere cannot accommeodate it-
gelf perfectly to a Poiseuille field as it could if the flow were uni-
form or purely rotational, in which case no such effect would

occur.

TOTAL RESISTANCE TO FLOW

In engineering applications the pressure necessary to maintain
flow through a system is important. Equation 58 enables the
prediction of the incremental pressure above that required to
maintain the original undisturbed flow. Stokes’ law, since it
applies to a fluid which extends to infinity, is not useful in ob-
taining pressure drop. It might be guessed that, in a system
where the flow is bounded parallel to the direction of flow, a
total additional foree equal to that indicated by Stokes’ law
could be applied. Surprisingly, this is not the case and, in fact,
the total force required is exactly twice that predicted from
Stokes’ law, if the walls of the containing eylinder are at an
infinite distance from the sphere. Thus, from Equation 358,
letting a/R, approach zero

F =127 au(Uy — U) (60)

Table II gives numerical values for the effect of a cylindrical
boundary on total resistance due to the presence of a sphere at

Table II. Comparison of Total Resistance Due to Sphere
with Stokes’ Analog
Stationary Stationary
Fluid Sphere Zero Slip
a, F F
Ry —12wrualU 127w alle —12x aplo
0.005 1.01 1.00
0.01 1.02 1.02
0.05 1.12 1.12
0.10 1.25 1.24 0.008
0.20 1.63 1.59 0.043
0.30 2.22 2.08 0.133
June 1954
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the axis of a tube for the same limiting cases as Table I—namely,
stationary fluid, U/; = 0; stationary sphere, U = 0; zero slip,
U = U

For values of ¢/E, > 0.3 it would be necessary to employ terms
with higher powers in a/Ro in Equation 58, and a more compli-
cated over-all expression would result (14). For values of a/Ry
less than 0.1 it is possible to employ the same correction factor
and, furthermore, the correction factor is the same one that
applies to the force exerted on the sphere alone. The second
column of Table II has the same numerical values as the third
column of Table I.

The condition for no pressure drop corresponds to the case
where W = 0—i.e., with fluid and sphere of the same specific
gravity., Since there is no pressure drop, no additional energy
will be consumed by friction due to this slip at steady-state con-
ditions, above that required if the space were occupied by the
fluid instead of the sphere.

ASSEMBLAGES OF SPHERES

For the case of dilute assemblages, where interaction and wall
effect terms involving o/R, and its powers can be neglected, the
force exerted on each of the spheres will be given by Stokes’ law.
The rate of sedimentation, or velocity required for fluidization, can
be computed on this basis. For the calculation of pressure drop
a corresponding simple derivation is possible, if it is assumed that

. the same force will be exerted on spheres not at the axis for a given

approach velocity as the force indicated by Equation 39 for a
concentrically placed sphere, If it is agsumed for simplicity that
the assemblage is not moving, U = 0, the pressure drop due to the
presence of & single sphere is

F 127ual,  12uaU,
P e 2O 2ERPVY
AP’ = wR2 TR? R3 (61)
If there are n spheres involved, the total pressure drop is
12n,
aPs = 12kl (62)
0

where V is the average superficial velocity of the fluid with re-
spect to the pipe.

If ¢ = void volume fraction and L = the length of the assem-
blage along the direction of flow,

3 R:L (1 ~
e ‘) (63)

Therefore,

aPs = 9(1 — ¢ LEL
a

(64)

This equation is only an approximation, in view of the assump-
tions made in its derivation. However, it does indicate that the
pressure drop through very dilute fluidized assemblages should
approach a value double that required to simply balance the
buoyant force exerted on the spheres. At present there are not
sufficient accurate data on dilute systems to test this relation-
ship.

No rigorous treatment exists for estimation of the effect
of intereaction between spheres and a containing wall that will
occur as assemblages become more concentrated. The classical
study by Smoluchowski (12) considered the case of a number
of spheres suspended in an infinite medium. A method was pre-
sented for calculation of the force exerted on each sphere, and
the case for two spheres was worked out in detail to a first approxi-
mation. It appears that, as the number of spheres increases,
the force exerted on each sphere decreases progressively. In
cases involving a boundary this is not usually so, and in situa-
tions where pressure drop oceurs a boundary, enclosing the flowing
stream, is always present.
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Several interesting theoretical studies have been made for the
case of viscous flow around uniform spheres (2, 3, 13). These
studies, for simplification, assumed that the effects due to bound-
ary walls are small compared with interaction among spheres.
They allowed for interaction by approximate solutions of the
equations of motion which should best apply in dilute assem-
blages. Thus, the authors are confronted by the paradox
that, in the range of concentration where the interaction effects
can best be computed, it is also necessary to consider the effect
of bounding walls—i.e,, in very dilute systems. It should be
possible to extend the present treatment to assemblages of sev-
eral spheres to indicate the relative importance of these interac-
tion effects.

SUMMARY

Expressions are derived, based on the Stokes-Navier equations
of motion and neglecting inertia terms, for the velocity field
produced by the presence of a sphere at the axis of a cylindrical
tube through which fluid is passing. The results are given in
general equations expressing the force exerted on the sphere and
on the cylindrical boundary in terms of appropriate independent
variables,

Numerical applications for the case of a single sphere are given
that make possible the prediction of rdte of movement of the
sphere and pressure drop, as well as the extent to which correc-
tion factors to the simple Stokes’ law type of equations are
necessary. It is demonstrated that a sphere falling in a fluid-
at a given velocity does not experience the same resistance as
that caused by fluid moving with the same axial velocity past a
stationary sphere. In addition, the pressure drop caused by the
presence of a sphere is not simply equivalent to the buoyant
force exerted on it. The application of the relationships to the
similar problems involved in & spherical assemblage is also dis-
cussed. A simple relationship is derived for pressure drop
through very dilute systems.
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NOMENCLATURE

(Consistent absolute units)

radius of sphere

U/R3

total force necessary to maintain flow due to presence
of sphere

(AP') (rR3)

functions of parameter N

Bessel function of the first kind, zero order, with
imaginary argument

hd 2
¥
ZO 22m (ml)2
g
Bessel function of the first kind, first order, with imagi-
nary argument

?'_y y2m
2 Zo 222l (m + 1)!
me
Bessel function of the second kind, zero order, with
imaginary argument

by e

I

G H
Joliy)

Ji(iy)

Ky(ty)

(Continued)

1186

L]

Iy [ § + o] +

2 yZm) hd < Y2k )

2 7__ R A

mz=:1 <2'" k;) 2% (2m 4+ k)l

Note. These Bessel functions of the second kind, K.,
are related to Neumann’s Bessel functions of the
second kind, Y., by the relation

Ko= =¥+l (lnz—y+ ¥

for both real and imaginary arguments, and for all
ordersn 2 (.

v = (Jauss constant = 0.5772157

Ki(iy) = Bessel function of the second kind, first order, with
imaginary argument

L = length of assemblage measured in direction of flow

M, N = functions defined by Equations 31 and 32

n = number of spheres in an assemblage

P = pressure

P’ = increase in pressure due to presence of sphere or
spheres

AP’ = pressure drop due to presence of a single sphere

APs = total pressure drop due to presence of an assemblage
of spheres

Py, Py, Py, ete. = pressure due to velocity flelds i, ws, us, ete.,
respectively '

7 = racfl{ia.lddistance from center of sphere to element of

ui

R = perpendicular distance from longitudinal axis of cyl-
inder to element of fluid

U = velocity of sphere in direction of X-positive, with re-

spect to a transverse plane passing through arbi-
trary point on pipe wall

U, = velocity of element of fluid at longitudinal axis of cyl-

inder, in + X-direction, at large distance from sphere
Y = relative velocity of element of fluid in + X-direction,
with respect to center of sphere
vr = velocity of element of fluid in direction perpendicular
to longitudinal axis of cylinder (radial direction)
14 = average fluid velocity in empty tube approaching an
assemblage

w = frictional resistance of sphere
X = distance from center of sphere along longitudinal axis

- of cylinder to element of fluid
o = ARy = parameter
€ = fractional void volume
A = parameter
o = viscosity
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