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An Intuitive Approach to Faraday Effect

two eigenstates: left-handed circularly polarized state and right-
handed circularly polarized state.

The former carries +h angular momentum, and the later —h.

Q @

Left-handed circularly polarized light Right-handed circularly polarized light

A linearly polarized light is the superposition of two circularly
polarized light with the same amplitude, different relative phase
will give different polarization direction

Linearly polarized light



An Intuitive Approach to Faraday Effect

 When interacting with the matter, the angular momentum
carried by photons will be conveyed to the atom due to
angular momentum conservation

WQ@

* When the atom is in the magnetic field, there will be an
additional energy due to the angular momentum change

_eByh
AEZ_AM'B()—_%AL Bo— Zm

* So a L-photon has effective energy of hv—eByh/2m, and a R-
photon has effective energy of hv+eByh/2m

Energy +hv
Angular momentum + h




An'Intuitive Approach-to Fa ra’day/4
Effect

So the dispersion relation of L-photons and R-photons will
no longer be the same. The dispersion will shift differently for
two kinds of photons.
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effective dispersion relation
for BK7 glass, Data from http://refractiveindex.info/ ~ the shift of the curve is exaggerated



An Intuitive Approach to Faraday Effect




An Intuitive Approach to Faraday Effect

For L-photon the effective dispersion relation

o) ( eBO)_ () eB, dn
n(w) =nj{e—-—)=nlw) —-—-—
The same way
( )_ ( +€Bo)_ ( )+eBO dn
Tray) = A 2m =0 2m dw
The rotation angle A of the polarization vector
. - D Bge dn
=== /c(ng nL)_Z == Tl

Experimentalists denote it as Ap = V(A1)B,D, where V (4)is
called the Verdet constant.

This explanation is intuitive but somehow vague, a restrict
proof is attached as appendix I, using the classical point of
view.
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e effect of inhomogeneous B

Bgellgoblem has long bothered us: After turning on the
magnetic field, we could not reduce the intensity to be zero
by rotating the second polarizer. We tried hard to explain
that and finally came up with a reasonable explanation: the B
field is inhomogeneous

We suppose the magnetic field is a
2D Gaussian function centered at
the origin. The polarization
direction is shown in the left figure.
We can not eliminate the light
every where by rotating a polarizer




e effect of inhomogeneous B

field
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The effect of inhomogeneous B

field

ow comes the question. We can only get the angle at which
the gauge shows the minimal value. Will that be reasonable
to use this angle as the rotating angle?

[ have done some calculation

[=2A B =544mT D=10.1mm A=550nm
Integrate over the circle centered at the
origin with radius smm

The optical axis of the polarizer is nearly
perpendicular to polarization direction of
the light at origin. However we find the
minimal value occurs at 6 = 0.02rad instead

of 0 =o.

. Intensity/au.

-0.04 -0.02 0.02 0.04 0.06

theta/rad
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e/m

o=t = i"oe
2mc dA

A =483.68nm
B=445.7/mT

£ _1.894x10%¢/ kg
m

ﬁ‘/ﬁ@% —~1.758x10"¢c / kg

mE 7. 7%



Conclusion:

6 < B

The effect of inhomogeneous B field
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Appendix I: mathematical

formulation of Faraday Effect

In general, the transverse electromagnetic plane wave
propagating in vacuum along z direction can be written as
E, = E,ycos(kz — wt + ¢@,.)
E, = E,ocos(kz — wt + ¢,)
When using the complex amplitude, it can be written as

T (Exoeupx) oilkz—wt)

l

We can use two set of basis, say,
sl =
er= (o) e2=() €1 = \/E(i)'e 2= ﬁ(—i)
e,, e, are related to linear polarization modes and e';, e’; are
related to circular polarization modes.

Appendix |



//—\\_, s
Z Z
Y y
\ l
X X .
E = Eelel(kz—wt) F = Eezel(kz—wt)
linearly polarized light linearly polarized light
z Z
¥ /
X
E = Eellei(kz—wt) E = Eelzei(kz—wt)

Appendix |

left-hand circularly polarized light right-hand circularly polarized light



e
Decomposition-eflinearly polarized light /

-
1 —
e, = \/_5(3'1 +e'y), e, = \/_5(9’1 —e';)

Now, we consider the propagation of electromagnetic wave in
a dielectric, a uniform magnetic field B, is parallel to the wave
vector. Combine Newton's second law with Lorentz force

formulation we get (assume e <0),

= E+vXB
ey = e( % )

This equation governs the motion of the electrons in the
dielectric. Suppose B, is much larger than the magnet
component of the electromagnetic wave, therefore B = By =
Byz. And E is the electric component, E = E e™'“t,

Take the testing solution as the form of v = vy et This
makes sense, because in the case of forced oscillations,
electrons will the transient part of a solution will decay and

leave the steady part as time goes on.
Appendix |



/>
Substitute the testing solution into the equations — /

) o4 o =
[V = ——FE5. +—Vs. B
0x m 0x m 0oy*+o0
j =
— LWV e v e
Oy m Oy e m 0x*0
—lWVy, = EEOZ

Use the Cyclotron motion frequency wg = eBy/m to simplify the
equations

- (iwEgyx + wpEgy)
Vnr = iw W
O0x (1)2—(1) 2 0x B~0y
= (0. B — 10,
Vo = W — iw
0y m w? — wg? 2 0y
< E
Vo, = — ——
0z imw 0z

Combine j = nev and j = ¢E , we can then get the conductivity

1
tensor from v = = oE.

Appendix |



If we combine the-Maxwell equation in the dielectric and //
E =E, e 't we will get
VxH=(5—iwel)E
£ois the intrinsic permittivity of the dielectric, D = &,F
The effective permittivity tensor satisfies V X H = —iwe E

— s ey
Therefore, € = g4l — =
& 1l& 0

We can denote itas € = gy, = g5 —ie; & O

0 0 &
2 2 2
w wWp“wp w
whereg;, =1 ——2"— ¢, =—F —— & =1-—-—F-and
w?—wpg (w?—wpHw w
2
ne
w,* = —. We assume w > w, > wg, SO thate; > &,.
p me, p

We see the magnetic field contributes to the off-diagonal
element of the permittivity tensor, and it is pure imaginary.

Appendix |



Having got the permittivity tensor, letus find the pla@M
solution of the Maxwell equation. We are interested in the

plane wave propagating along z directionk = kZ, i.e. the

direction of the external magnetic field. Substitute E =

E e!k2=0Y) and H = H e'*?~“Yinto the Maxwell equation

VD=0
)
<VXE__ﬁ
V-B=
oD
&VXH—ﬁ

We get
( k- (- Ey)=0
kxE,=wuyH,
k-Hy,=0
\k XH, = —WE - E,
From the first equation we know that E, = 0, therefore the

eleatr?magnetic wave Is transverse.
Appendix




Combining the second and the fourth equations, as well aS/fhe/
condition that k = kZ we know that

k’Eq = w’pggosr - E
Noting the wave vector in vacuum is kg = w/c = w+/li&

(kozg o kZT)Eo =0
k“is the eigenvalue of e solving the secular equation brings
us with

ki = ko &1 + €2, ky = ko\JE1 — &3, k3 = kov/E3
the corresponding eigenvector should be

t (! 1 /! 0
R

The z component of the electric field is 0,so E, = E;e; + E5e,,
these two components are just right-handed polarized light and
the left-handed polarized light. They have different phase
velocity in the media.

Appendix |



Before entering the media, a linearly polarized light can alsﬁ{
viewed as the superposition of two circularly polarlzed light

E— Eoexel(koz (G EO/\/_ (6’1 4+ ez)el(koz wt)
After entering the media, the two components of circular
polarized light begin to propagate in different phase velocity.

E = Ey/V2 (ejetf1? + e ethe?)e it

= Eo/\/i (ele—iAkz/Z e ezeiAkz/Z)ei(Rz—wt)
_lAkz IAkz _lAkz IAkz i
— Ep/2 (ex(e 2 emzny e (0 )) ¢ =

= Eo(eycos(Akz/2) + e, sin(Akz/2))elkz-D)

Where Ak = ky — ko, k = (ky + k) /2
The last equation indicates that for each point in the media, the
electromagnetic wave vector is rotating in an angular velocity of
w.
Compare the point z = 0 and z = D, we get the angle rotated

Ap = AkD/2 = kgD(\Je1 + & — /61 — &) /2 = koDey [\/&1
o%z lIet S prove it’s consistent with the result we got through the

oy T AR ARy (A Il S i

Appen



e
What we,.-g%?&%@iﬁﬂing was Acp = g Dot —

mc dw

Noting thatn = - = ¢ /eu = = & Uy = \[E
dn d\/s_r 1 de

do dw 2% dw
2
Substitute e, = 1 — pr s> into the equation we get
w-—wp

dn d5 | Wp* W

do do & (0% — wp?)?
So
D Bee I w0 D Bee 1 w,°

2 mc \/e_r(wz—a)z)z 2 mc \/_r w?

Ap =

Appendix |



On the other hand, we have just get e //
" Ap = AkD /2

Ak is the difference between ky = kg/e; + & and k, = kg\/e1 — &

Expand the function k(w) = k(&,) = ko /€ near g, = &

A A =
R e X E . 82
der|, _,. L2
2
Substitute &, = —2"2 _ and wp = 222 into the equation
(@2 -wpD)w m
AkD KD eB, G

Ap = — .
2 V& M (w2 — wpd)w

D eB, w,”
9 w2
The two pictures give the same result.

Reference: Prof. Lei Zhou’s lecture notes
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Appendix II: Refractive Index in the

view of Lorentz Model

In the view of classical physics, Lorentz assumes the nucleus

of the atom is much more massive than the electron, then

electrons can treated as connected to an infinite mass through

a spring. In the external field of the light shed on the atom,

the motion of the electron is described an forced oscillator
mi + g7 + kr = —eEy e~ ¢t

We can simplify it as
ek
r—— ¢
m

7+ ¥+ wo? -

i . .
Where w, = |< is the intrinsic angular frequency. v = < is
0 = g q Y.V

m

the damping constant, the steady solution of the equation is
ek 1
r— =

Appendix I m w? — wy? + iyw

e—lwt




=
The displacement of the electron will cause the polarization of
the dielectric
P = —NZef
P and 7 contain the phase factor so we use tilde t denote them.
The complex permittivity is given by

- p NZe? 1
E=ltge=1+z=1-

EomM w? — wy? + iyw

This is the case for unique intrinsic angular frequency.
Generally the atom has several kinds of oscillators with intrinsic
angular frequency of w, w,, w53 ... and the corresponding
damping constant are ¥, ¥5, ¥3 ...the number of the oscillators

arefy, f2, f3 ..
Ne? i

EoM £ w* — wj* + iyjw;
J
Where 2f; = Z. the complex refractive index which describes

E=1

both refraction and absorption can be get through 7 = V&
Appendix II



//>
- = = Ne- f; —
i=vVEr1-— 2

2o e
2EqM L W w;j“ + 1Y w;

J
Refractive Index

Ne? fj(wz —a)ojz)

Zegm L (w2 — @ )by 000
J
Use the wavelength A = 2m¢/w and define A; = 2nc/w;, n can

be written as

n(w) = Re(nl)) =1 —

Ne? z fi(A2 — 4224
2e9m L (21C) (A2 — 492 +y2220"
At normal dispersion region /1j4 term can be omitted in the

denominator
Nez Clj/12
1+— 2
26gm Lt )2 — )
: j
Where a; = Ne2A?);* /2eym(2mc)? is a constant
Appendix II

n(d) =1+




//>
- 5 —Ne? fi —
n=\/Ez1— 2

280m Lm 0% — w;? + iyjw;
j
Refractive Index
= Ne? f'(wz—wO'Z)
n(w) = Re(f)) = 1 — ore
2egm L (w° — wj°)*+Y;w;
J

Use the wavelength A = 2m¢/w and define A; = 2nc/w;, n can
be written as

Ne? z fi(A2 — 4224
2e9m L (21C) (A2 — 492 +y2220"

At normal dispersion region /1j4 term can be omitted in the

denominator
Nez Clj/12 5 \\
1+ >
Zgom : AZ o /11 ‘g s ﬁ
j

Appendix I1

n(d) =1+




index of refraction, n

Appendix II

ST R4S L
J sl

e

N infrared

L l I
102 103 104 10°
A (nm)

ultraviolet

Whole spectrum refractive index
From http://physics.stackexchange.com

108



/4
At normaldispersion Tegion 4,4, ..., 4; <A < 44,4715, ...
. 12
4;
22— )°

N2 N
~lt+a,+a;++a_+a|l1+(2) +(2) +-

A A

n:1+a1+a2+”'+aj_1+

F G
=C+/1—2+F+“°

The last equation is known as the Cauchy equation
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